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Abstract

The demand-system approach identifies asset demand slopes using residual supply
shocks, presuming these shocks move expected returns but not risk. In dynamic economies,
risk is endogenous: investors retrade, so demand depends on the joint distribution of cur-
rent and future returns, which changes as investors absorb a shock. The shock therefore
changes the demand curve it traces, violating the exclusion restriction. In a calibrated
multi-asset dynamic model, the measured slope is roughly 40% of its conceptual coun-
terpart, implying substantially steeper demand curves than standard estimates suggest.
The bias persists even if shocks are infinitesimal and transitory. We discuss potential
empirical remedies.

*He: Graduate School of Business, Stanford University; FTG and NBER; hezhg@stanford.edu. Kondor:
London School of Economics and Political Science; FTG and CEPR; p.kondor@Ise.ac.uk; Li: Harvard Business
School, Harvard University; FTG; jli@hbs.edu. For helpful comments, we thank Hengjie Ai, Zhiyu Fu, Willie
Fuchs, Xavier Gabaix, Valentin Haddad, Lars Hansen, Ben Hebert, Arvind Krishnamurthy, Jiacui Li, Yu
Li, Sydney Ludvigson, lan Martin, Daniel Neuhann, Alp Simsek, Dimitri Vayanos, Moto Yogo and seminar
participants at ESSFM 2025 (Gerzensee), 19th Annual Conference on General Equilibrium and its Applications
(New Haven), the FTG 2025 Fall Meeting (Austin), 9th INSEAD Finance Symposium (Fontainebleau), WFA
2026 (Denver), 2026 CityUHK International Finance Conference (Hong Kong), INSEAD, Texas Austin, HEC
Paris, LSE, Stanford GSB and Northwestern Kellogg. All errors are our own.


https://www.peterkondor.net/home/dedap

1 Introduction

Investors form portfolios by trading off expected returns against risk; their demand function
maps measures of expected returns and risk into portfolio weights. The demand-system
approach to asset pricing, initiated by the seminal work of Koijen and Yogo| (2019)), aims to
estimate this function from data. The identification strategy is to find (residual) supply shocks
that move expected returns while leaving the other determinants of demand unaffected, so
that the resulting change in equilibrium quantities reveals the demand response. Implicit in
this strategy is a question that must be answered first: what observable object is a sufficient
statistic for “expected returns,” and what is a sufficient statistic for “risk”?

In a static economy, the answer is simple. Investors hold a portfolio and consume its
dividends, so the current price vector summarizes expected returns, and risk is the exogenous
joint distribution of dividends. The linearized demand function is then captured by an
elasticity matrix, with each element measuring the sensitivity of demand for asset i to the
price of asset j. This matrix is identified from shocks to the equilibrium price vector, with
observable asset characteristics controlling for riskE| In a dynamic economy, this picture
breaks down. Investors retrade, so what matters for portfolio choice is the joint distribution
of current and future prices. Two consequences follow. First, the current price vector is
no longer a sufficient statistic for expected returns, which now depend on future prices as
well. Second, risk emerges from the same equilibrium that determines those future prices,
so observable characteristics no longer suffice to summarize it. Each consequence opens a
distinct margin on which the standard identification strategy can break. While the existing
literature has offered some analysis on the first margin,ﬂ this paper takes up the second: we
ask how demand-curve estimation is affected when the shocks used to identify the response
to expected returns also move risk in equilibrium.

The identification strategy rests on an exclusion restriction: the supply shock must move
expected returns and nothing else that demand depends on. In a dynamic economy the
restriction fails even when the shock is orthogonal to asset fundamentals. Due to the shock,
investors must hold a different quantity of risk in equilibrium, and that change reshapes the
joint distribution of returns itself. The shock therefore moves not only expected returns—
the argument the econometrician seeks to vary—but also the risk arguments the standard
procedure implicitly holds fixed. The exclusion restriction is violated, and the apparent

relationship between demand and expected returns both shifts and tiltsﬂ

!Estimating the full elasticity matrix without further restrictions is generally infeasible. |Fuchs, Fukuda
and Neuhann| (2025|) discuss why focusing on the diagonal of the matrix can be problematic, and [Haddad,
He, Huebner, Kondor and Loualiche| (2025) provide a systematic approach to estimating the full matrix by
imposing restrictions motivated by finance theory.

2Termed the “pass-through” from the price level to expected returns, it is the focus of an emerging literature
(e.g. |Gabaix and Koijen, [2022; Davis, Kargar and Li, [2023}; van Binsbergen, David and Oppl}, [2025)).

3Recent empirical work is consistent with this insight. Corell, Holm-Hadulla, Leombroni, Mota and Pa-



To sign and quantify this mismeasurement, we develop and calibrate a dynamic model in
which investors solve a Merton-style portfolio problem. Their demand depends on the joint
distribution of returns through three sufficient statistics: the vector of instantaneous expected
returns, the covariance matrix of instantaneous returns, and the covariance of current returns
with future investment opportunities (Merton) [1971). The supply shock moves all three. We
compare two objects: the measured slope, the equilibrium change in investors’ demand per
unit change in expected returns induced by the supply shock; and the conceptual slope,
the optimal quantity response of a representative investor per unit change in instantaneous
expected returns, derived from her first-order condition. In our calibrated examples, the mea-
sured slope is approximately 40% of the conceptual slope: demand curves are substantially
steeper than standard estimates suggest. The distortion arises through two channels, cor-
responding to the second and third components of Merton’s representation. An endogenous
risk effect operates through the covariance matrix, as supply shocks change return volatil-
ities and covariances. An amplified intertemporal hedging effect operates through the third
component, as the shocks change how returns comove with future investment opportunities.

Our model is a continuous-time, multi-asset, multi-agent asset pricing economy. Assets are
claims on risky cash flows driven by a multidimensional Brownian shock. Two types of agents
populate the economy: hedgers and investors. Investors are long-lived, have power utility, and
solve a canonical consumption-savings problem with optimal portfolio decisions as in |Merton
(1971). For simplicity, hedgers are short-lived and act as residual demand shifters. They
receive a stochastic endowment correlated with the assets’ cash flows, with the correlation
switching between a “normal” and a “stressed” state according to a Poisson process. In the
stressed state, hedgers reduce their demand for a subset of assets, leaving investors to absorb
the residual supply. These supply shocks drive our analysis. The intensity of the Poisson
process determines their persistence, and equilibrium asset prices adjust endogenously.

Consider a single risky asset. Can the price and quantity responses to an exogenous shift
in residual supply recover the slope of investors’ demand? In a static version of our economy,
the answer is affirmative, consistent with the static-economy argument above. As in the
Markowitz model, the slope of investors’ static demand is the ratio of risk tolerance to return
variance, both primitives that the supply shock leaves untouched. When hedgers demand
less of the asset, investors must hold more, raising its expected equilibrium return. Because
the demand curve does not move, comparing the change in investors’ demand to the induced
change in expected returns recovers its slope.

The dynamic economy behaves differently, even in its simplest specification, where in-

poutsi (2025) argue that the ECB’s quantitative easing program shifted the demand curve of mutual funds by
changing the price at which funds expect to liquidate their positions, and [Haddad, Moreira and Muir| (2024])
show that the Federal Reserve’s quantitative easing program changed market perceptions of the future return
distribution of government bonds, thereby shifting investors’ demand for them.



vestors have log utility. As in [Merton| (1971)), the slope of a log investor’s demand curve is
the inverse of return variance. However, return volatility is endogenous in a dynamic econ-
omy. When hedgers partially liquidate their positions following the shock, investors must
absorb more risk in equilibrium, raising the volatility of the asset’s return. This is a stan-
dard amplification mechanism in heterogeneous-agent models: investors’ larger risk exposure
means that adverse future shocks reduce their risk-bearing capacity, raising the risk premium
and deepening the price drop, which amplifies the initial eﬂ’ectﬁ Because the slope of the
demand curve is inversely related to return volatility, shifts in residual supply flatten the
slope we seek to recover. The tractability of the log-investor framework allows us to show
formally that the measured demand curve is flatter than its conceptual counterpart.

A natural conjecture is that empiricists can escape this distortion by relying on short-
lived or small supply shocks. We show the conjecture fails in both limits, for distinct reasons.
When the shock is fully transitory, investors’ equilibrium positions still differ from their pre-
shock positions during the instant the shock lasts, so endogenous volatility differs at precisely
the moment the slope is measured. When the shock is diminishingly small, the change in
holdings (the numerator of the slope) and the change in expected returns (the denominator)
both shrink toward zero, but proportionally; the ratio that defines the slope remains bounded
away from its conceptual counterpart. This remains the case even in the joint limit—that is,
when the shock is both infinitesimal and fully transitory.

Our second specification turns to multiple assets, partitioned into two groups—blue and
red. All assets have the same cash-flow risk, but hedgers demand more of the blue assets,
a pattern that can represent mandates or index composition. We specify the normal and
stressed states so that the transition between them amounts to relabeling a single blue asset
as red and a single red asset as blue, mimicking an index-inclusion event. In the stressed
state, hedgers cut their positions in the newly red asset and investors absorb the residual
supply. For that asset, both its return volatility and its covariance with every other asset
rise. The intuition mirrors the single-asset case. Investors, by construction, carry larger
exposure to the dividend risk of red assets. When future cash flows of red assets are low,
investors’ aggregate wealth falls more, reducing their risk-bearing capacity. This raises the
risk premia of all assets, but the price drop is disproportionate for red assets, which investors
must continue to hold in greater quantity. Red assets are therefore more volatile and more
correlated with investors’ aggregate Wealthﬂ

In our multi-asset economy, the slope of investors’ demand curve is proportional to the

4Larger risk exposure leading to larger endogenous volatility is a standard effect in dynamic asset pricing
models with heterogeneous agents, including [Longstaff and Wang| (2012), [He and Krishnamurthy| (2013]),
Brunnermeier and Sannikov| (2014)), and [Kondor and Vayanos| (2019)), among others. Tt is also closely related
to the well-established empirical regularity of the leverage effect (Black} 1976).

®The same mechanism arises in cross-sectional empirical settings: comparing a blue and a red asset in
cross-section or following a single asset across the shock yields close to identical results; see Section



inverse of the covariance matrix, so the variance and covariance channels work in the same
direction. Both tilt the demand curve, making the measured slope flatter than its conceptual
counterpart. We call this distortion, operating through endogenous volatilities and covari-
ances, the endogenous risk effect. As in the single-asset case, this effect tends to be negative,
and does not vanish even when the shock to relative supply between assets is diminishingly
small.

When investors’ relative risk aversion differs from one, a further effect emerges. Investors
prepare for future states in which others are forced to scale back. The assets that matter most
in those states are those held most heavily by other investors: an adverse cash-flow shock
to such an asset erodes their wealth, forces them to deleverage, and sharply raises its risk
premium. As a result, each investor’s hedging demand depends on other investors’ holdings.
Supply shocks that shift hedgers’ positions onto investors change aggregate holdings and
thus amplify this dependence. We call this general-equilibrium amplification the amplified
intertemporal hedging effect. It appears in our model in two forms, distinguished by the
risks investors hedge against: the Brownian innovation to future cash flows, or the eventual
reversal of the supply shock itself.

We then quantify these economic effects through two calibrated applications. The first
targets the factor-elasticity context, calibrated to Ben-David, Li, Rossi and Song (2021)), who
measure the price effect of a persistent change in mutual-fund demand following a change in
Morningstar’s rating methodology. The second targets the micro-elasticity context, gauging
the likely magnitude of “index inclusion” (Shleifer, |1986; |Greenwood and Sammon), [2024)).

Consistent with |Gabaix and Koijen| (2022)), the measured slope differs in magnitude be-
tween the factor-elasticity and micro-elasticity exercises, but the pattern of mismeasurement
is similar across both calibrations. First, in each calibration the measured slope is roughly
40% of its conceptual counterpart, suggesting that investors’ demand curves may be consid-
erably steeper than standard estimates imply. Second, our decomposition attributes the bulk
of the deviation to the endogenous risk effect. The amplified intertemporal hedging effect ac-
counts for the remainder, almost entirely through its Brownian-shock form: this form works
against the endogenous risk effect when investors are more risk-averse than the log investor
and reinforces it otherwise, and can account for up to 30% of the mismeasurement when the
implied return shock is large and persistent. The reversal-hedging form is small.

We close our analysis by asking what the way forward looks like. Once the supply shock
moves all three components of Merton’s representation, four routes are worth considering.
Focusing on small or transitory shocks reduces the mismeasurement, but our calibrated limit
result shows it remains sizable. Adding controls for risk targets the violated exclusion re-
striction directly, but the controls are themselves moved by the shock, creating a bad-control
problem (Angrist and Pischke, |2009)). A more promising avenue is to take seriously the struc-

ture of the demand curve implied by the model in hand and find a separate instrument for



each of its arguments—that is, each Merton component in our modelﬁ Finally, one may step
back from estimating the investor’s demand function altogether and treat the price response
to exogenous supply shocks, often called the price multiplier, as the main object of interest.
The drawback is that dropping the structural interpretation likely reduces external validity:

each context yields its own estimate]]

Literature review. To our knowledge, this paper is the first to highlight that exogenous
shocks to residual supply—arising from dynamic general equilibrium effects through changing
risk—can alter the very demand slope that econometricians seek to estimate. Building on
this intuition, our paper connects and extends several strands of the existing literature.

The seminal papers on demand-system estimation, (Koijen and Yogo, 2019; |[Koijen, Rich-
mond and Yogo, [2023; (Gabaix and Koijen, [2022) set up dynamic models as the conceptual
background for their estimates. However, in these frameworks the possibility of our effects is
ruled out by assumption. For instance, in Koijen and Yogo| (2019) the form of the covariance
matrix is determined by an assumption under which it is independent of the residual supply
shocks. This rules out the endogenous risk effect. Similarly, the main model in |Gabaix and
Koijen| (2022)) (as does its generalized version in |Gabaix, Koijen, Mainardi, Oh and Yogo
(2025)) assumes that investors’ response to changes in expected returns is driven by an ex-
ogenous, constant coefficient. In contrast, our model allows for endogenous risk deriving the
equilibrium covariance matrix from first principles.

The recent papers of |An| (2024), Fuchs et al| (2025) and Haddad, He, Huebner, Kondor
and Loualiche (2025) (HHHKL, from now on) focus on problems stemming from the fact that
investors’ demand curve for a given asset potentially depends on the prices of all assets in the
investment opportunity set. HHHKL work out a flexible method to estimate each coefficient
of the resulting demand curve, using the cross-section for relative elasticity between assets
with the same observables and the time-series for substitution across assets with different
observablesﬁ As these papers focus on a static economy where demand curve coefficients are
exogenously given by primitives, while we allow the econometrician to observe the effect of
the shock to all prices, our work is orthogonal to this literature. That is, all our effects are
above and beyond the ones highlighted in these papers.

The concurrent work by van Binsbergen et al. (2025) also highlights that supply shocks

used as instruments can violate the exclusion restriction in a dynamic economy. Their focus

9Davis, Kargar, Li and Silval (2026) take a first step in this direction; see the discussion in Section

"This trade-off is familiar from the literature on the government spending multiplier: the multiplier is
likewise not a structural parameter, as its magnitude changes with the nature of the policy, yet it has proven
valuable as an identified moment disciplining structural models (Ramey)},|2019;|Nakamura and Steinsson| |[2018]).
Section develops this parallel.

81n Appendix we show that the investors’ endogenous slope matrix derived in our fully dynamic model
locally satisfies the restriction imposed in HHHKL.



is the first margin we identified above: they study the mapping between an instrumented
price-level shift and the corresponding shift in expected returns. They establish sufficient
conditions under which this mapping is clean—the price shift must resolve within a single
trading period and be unanticipated—and characterize the bias in price-elasticity estimates
when those conditions failﬂ Our work takes up the second margin: we work directly with
expected-return variation and ask whether the supply shock simultaneously moves the risk
arguments of the demand function. The two analyses are complementary, and our mechanism
applies whether the econometrician estimates return elasticity or price elasticity; Section [6.2
formalizes this point.

As we noted, the endogenous risk effect is closely connected to the well-established “lever-
age effect” — the empirical regularity that volatility rises when stock prices fall (Black, [1976;
Christie, [1982). Intertemporal hedging demand, on the other hand, is an important ingredient
for understanding asset pricing (Campbell, Giglio, Polk and Turley, 2018} |Campbell, Giglio
and Polk, 2023). On the modeling side, the endogenous risk effect arises in a wide range of
heterogeneous-agent models, with or without explicit financial frictions (e.g. Longstaff and
Wang, 2012; He and Krishnamurthy, 2013; Brunnermeier and Sannikov, 2014; Kondor and
Vayanos, 2019); we build on |[Kondor and Vayanos (2019) for its simplicity and its ability to
accommodate an N-asset structure. None of these papers address the problem of recovering
demand sensitivities using exogenous residual supply shocks, and we are unaware of any other
models that emphasize the amplified intertemporal hedging effect.

Finally, in the companion paper He, Kondor and Li| (2026), we take a step back from
the view that asset markets can be seen as a demand system with well-defined supply and
demand shocks. Instead, we focus on the quantitative effect of an exogenous supply change on
equilibrium returns and pricesm As we explain in this paper, this shock affects the demand
curves of each group, hence the multiplier does not correspond to the inverse of the demand
elasticity for any group. Still, we provide sophisticated benchmarks for the literature on what
“canonical” models imply on this aggregate multiplier and how sensitive it is to changes of

parameters in the economy.

9As a connected empirical point, [Davis et al.| (2023) argue that price elasticity estimates are sensitive to the
“price pass-through”—a concept closely related to the pace of resolution of the price shock— which strongly
influences the mapping between price and return elasticity measures. See also |An and Zheng| (2025) for a
dynamic asset pricing model with a role for the predictability of flow shocks.

1071 this regard our paper is also related to Berk and Van Binsbergen| (2025), who show that the magnitude
of the index inclusion effect in recent years (Greenwood and Sammon, [2024) is consistent with a classic CAPM
setting, once carefully calibrated to take into account the wealth share of index investors and the persistence
of their demand shift due to index inclusion. We offer a more detailed discussion on this issue in Section



2 The Tilt and the Shift: A Minimal Demand System

To set the stage, we start with an illustrative example. We present a demand system with the
minimal reduced-form properties required for our main effects to be present. In the dynamic

model, these properties arise endogenously.

Minimal demand system. Consider the following minimal demand system with a single

asset, which is given as follows:

hedger’s demand: & = c¢[E(R) — r] + ¢,
investor’s demand: ¢ = a® + b [E(R) — 7], (1)

market clearing: S =1z +y.

Here, r denotes the exogenous risk-free rate while E(R) denotes the asset’s endogenous ex-
pected return. The individual demand of any representative hedger and investor, denoted
by & and ¢ respectively, depends on the expected excess return E(R) — r with ¢ being an
orthogonal demand shock. We will consider below the effect of two realizations of the shock
to hedgers’ demand, ¢ = {¢} with & = {s,n} for stressed and normal. When &% < &"
hedgers dump assets on investors in the stressed state. The positive constant S is the asset’s
aggregate supply, which is fixed in our asset pricing context. As x and y are the aggregate
counterparts of demand, the last equation represents market clearingE

The only non-standard element of the minimal asset demand system (|1f) is on the investor’s
side: both the slope, b¢, and the intercept, a¢ are indexed by the state & = {s,n}. That is,

we allow these parameters to change with the demand shock.

Demand slope and measured slope. We think of the slope of an agent’s demand as her
optimal quantity response to unit change in expected returns. Our focus is on the slope of
the investors’ asset demand. Suppose that an investor is asked how much she would increase
her demand for the asset if E(R) would increase to E(R)+ ¢ where 0 is an arbitrary constant.
In the demand system in , this gives the conceptual slope of investors’ demand curve in

state £ = n (we will use C for conceptual):

crin=Y Yy 2)

where ¢ is the demand under the hypothetical increase in expected excess return.

"¥or simplicity, in this minimal example demands, = and ¥ are in units of assets. As we will see when we
specify our model, the natural units depend on the utility functions of the agents; Section [6.2] shows that our
main point does not depend on this choice.



Now suppose instead that we observe the equilibrium under the two realizations € =
{e™,e*}. By only shocking the z-demand-curve, we might be able to trace out the slope of
y-demand-curve. In fact, the measured equilibrium ratio of changes in quantities and returns,

that is, the measured slope is (we will use M for measured)

Mmin = ys — yn — H (bs — bn)[E(RS) — T] a® —a"
By - | == TR -E@) OB B (3
m{=n endogenous risk effect amplified hedging effects

Clearly, if the slope and the intercept of investors’ demand do not respond to the shock ¢,
that is, b* = b" and a® = a™, this strategy identifies slope b™. This is the textbook case.

However, if the demand curve tilts, b° = b™, or shifts, a® # a”, the second and third terms
bias the measurement. Several mechanisms can in principle generate such tilts and ShiftsE]
Our aim in the rest of the paper is to demonstrate that the standard general equilibrium effects
of a dynamic economy already do so. When hedgers dump assets on investors, investors’
aggregate risk-exposure, y, changes, tilting and shifting their demand curve. We refer to the
second term as the endogenous risk effect; as we will show in a dynamic asset pricing model
the tilt b° — b" is related to the change in endogenous return volatility and co-movement,
akin to the amplification effect in standard heterogeneous agent models in macroeconomics
and finance (e.g. Longstaff and Wang, 2012; He and Krishnamurthy, 2013; Brunnermeier and
Sannikov, 2014; Kondor and Vayanos, 2019). We will also explain how the shift, a® — a”, is
related to intertemporal hedging amplified by general equilibrium forces.

Importantly, we will demonstrate that even if the shock to hedgers is small, implying in
equilibrium only a small tilt b° — b" or a small shift a® —a”, the second and third components
still might be sizable. This is so, because the denominator is often the same order as the
numerators in the last two terms of in equilibrium. Intuitively, when the supply shock
changes the return covariance only marginally, it also tends to change equilibrium returns at

the same order of magnitude.

The tilt, shift and non-linearity: the big picture. In our model, the supply shock both
tilts and shifts the demand curve. The main insight, however, goes beyond the particularities
of this model. In general, a dynamic demand curve depends not only on expected returns

but also on other equilibrium objects that summarize the future return distribution:

j; = D(Ey(R%), =5). (4)

12Corell et al.| (2025) and [Haddad et al.| (2024) suggest alternative mechanisms leading to an altered demand
curve due to a supply shock.



These objects, represented by Ef, also respond to the shock to residual supply. In differences
and after linearization,

Ajt = D} - AE(RS) + D)y - AZ. (5)

The conceptual slope is D}. It carries structural content and is therefore useful for coun-
terfactual experiments. Instrumenting AE;(R¢) with residual supply shocks instead recovers
the measured slope
AgE AZS
A (e = D+ Ds 5 ey
AR, (R?) AR (RE)

because the instrument is correlated with the second term in . The last ratio is not a
property of the demand function. It measures how strongly this particular shock moves the
other equilibrium objects relative to expected returns. The measured slope therefore mixes
the shape of the demand curve with the equilibrium propagation of one specific shock, and
loses the structural interpretation. Adding controls for Ef does not alleviate the concern, as
it could lead to a bad control problem (Angrist and Pischke, 2009)). We return to these issues

and potential remedies in Section [6.3

3 A Model of Dynamic Asset Pricing

We build a dynamic asset pricing model with multiple assets and heterogeneous investors
based on Kondor and Vayanos| (2019)). Our aim is to study how returns and holdings of a
particular group of investors change when an exogenous shock shifts their residual supply
curve. To this end, in this section we first set up the model, and then present our main

objects of interest in the static benchmark.
3.1 The Dynamic Setup and Definitions

Time is continuous and infinite, indexed by ¢ € [0, 00).

Assets. There is a risk-free asset that yields a constant instantaneous rate of return r > 0,
which is taken as exogenous in the model; that is, we do not clear the goods marketE

There are I long-lived risky assets with cumulative cash flows D; following

dD; = Ddt + o " dBy, (6)

13By opting for an exogenous risk-free rate, in the tradition of the asset demand system literature, our
analysis represents the minimal departure from [Koijen and Yogo| (2019)); |Gabaix and Koijen| (2022) and
therefore sharpens our economic message. One possible interpretation is that r represents the constant return
on a storage technology. See |[Fuchs et al.| (2025)) (focusing on micro-elasticity in a static context) and [Duarte,
Gopalakrishna, Kargar, Li and Silval(2026)) (focusing on macro-elasticity in a dynamic context) for a discussion
of the effect of an endogenous risk-free rate in demand-elasticity estimation.



where D is a constant I x 1 vector, o is a constant and invertible I x I matrix, and T denotes
transpose. Uncertainty of cash flows is described by the I-dimensional Brownian motion By.
Each risky asset is in fixed supply, and we denote by S the I x 1 vector consisting of asset

supplies measured in terms of number of shares. We let ¥ = o "o

Agents. The economy is populated by two types of agents: hedgers and investors. Without
loss of generality, we assume that there is a unit measure continuum of each type of agents.

For simplicity, we assume that hedgers are short-lived and maximize a mean-variance
objective over their instantaneous changes in wealth. Also for simplicity, we assume that
each generation leaves their wealth to the next generation without consumptionE That is,
a hedger maximizes

«
Et [dvt] — §Vart (dvt) s

where v; is the hedger’s time ¢ wealth. « > 0 is hedgers’ absolute risk aversion coefficient
over wealth.
On the other hand, investors are long-lived and maximize their discounted utility over

intertemporal consumption. That is, an investor maximizes

Et[/ e Py (e )dr|,
t

where ¢, is the individual investor’s time 7 consumption, and p is investors’ time discount
rate. We assume that p > r to ensure that investors do not accumulate infinite wealth over
time. We denote by w; investors’ aggregate time-t wealth, which is one of the state variables
in this economy.

Our paper focuses on Constant Relative Risk Aversion (CRRA) investors, with the fol-

lowing two subcases[™|

Case 1 (Log investors). Investors’ instantaneous utility u(¢;) = logé;.

Case 2 (General CRRA investors). Investors’ instantaneous utility u(é;) = % for v # 1.
Hedging demand and states. Each hedger receives a random endowment /) dD; from
time ¢ to t + dt, where u; is an I x 1 vector and parameterizes the background risk in the

economy. In our main model, u; is modeled to follow a Markov switching process. The

economy is either in a normal state or a stressed state. We use £ € {n, s} to indicate the

4 As we explain below, in our model short-lived hedgers’ asset demand just serves as a shifter to identify
the demand slope for the long-lived investors. As a result, the exact modeling of hedgers is less important for
our purpose. For instance, the alternative assumption that each generation of hedgers consumes their wealth
and the next generation arrives at the economy with some exogenous constant wealth would not change the
analysis significantly. [Kondor and Vayanos| (2019)) solve a version of this model with long-lived hedgers.

5In Appendix |C} we also work out the case of CARA investors with u(é,) = —e~ 7%, That specification
gives analytical characterization for various objects of interest.

10



state of the economy, with n denoting the normal state and s denoting the stressed state; so
up € {u",u’} depending on the state of the economy. For expositional reasons we assume
u® > u", with " and u® being I x 1 vectors.

The state of the economy switches from the normal state to the stressed state with Poisson

intensity A" > 0, and from the stressed state to the normal state with intensity A® > 0.

Equilibrium definition. Throughout we focus on symmetric equilibrium where economic
agents are taking the same policy within each group (hedgers or investors). Denote by Xf
and yf , each I x 1 vectors, the aggregate asset demand from hedgers and investors. For
convenience, from this point on, we express investors’ aggregate demand yf as a share of
their aggregate wealth, while Xf denotes the dollar value of hedger’s aggregate demand in
state £ and time t. The endogenous price process is Pf , also with dimension of I x 1. Market
clearing requires that the induced asset demand from both types of agents clear the exogenous

asset supply at any time, that is,
yiw; = diag(Pf)S — X;. (7)

It is useful to think about the right hand side as the residual supply curve from investors’

point of view.

Prices and returns. We conjecture and later verify that the structure of the equilibrium

price vector Pf, for £ € {s,n}, is

D
Ff (wf) = — = n(u}), (8)
where ¢ (wf) is an I x 1 vector describing the time-varying risk premium when investors’

aggregate wealth is wf . That is, the conjecture implies that the aggregate wealth of the

investors, wf , and the state of hedgers, &, are the only two state variables of the model. As
the jumps in hedging demand shocks affect equilibrium prices, we conjecture that for the

endogenously determined drift ;ﬁgt, volatility 0’§3t, and jump Jf = P;g — Pf we can write
dPf = 15, dt + o dB; + JEdNF, (9)

where {Nt£ :t > 0} is a Poisson counting process with intensity AS. Tt will be useful to map

the change in the price vector, dPtg to the (percentage) asset return vector defined as

AR = diag(Pf)™! (th + de) : (10)
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throughout, we restrict the parameter space to ensure that Ptg is strictly positive, and hence

de is well defined. Then the endogenous (percentage) asset return vector de has a drift
H%t = diag(Ptg)_l(D + ,u%t) and volatility a%t = (ofpt + o) diag(Pf)_l defining the return
covariance matrix, Qf = (cr%t)Ta%t and a jump component Jf%t = diag(Pf)_l(Pt_g - Pf)

With a slight abuse of notation, we shall write

Ey(dR})
dt

Ei(dR]) E((dR})
— 11
dt dt (11)

Ei(R%) = and AE(R) =

for the instantaneous expected return in state £ and the change in instantaneous expected

return when the shock hits.

Non-hedge assets. While we solve the model for general parameters, to ease the expo-
sition, in signing these effects and discussing intuition we focus on mon-hedge assets, for

which the endogenous price volatility and the risk premium are positive, 053” > 0 and
[E,(RS) — r1]; > 0]/

Hedgers’ demand curve and the residual supply shock. Given the dynamics of
returns, hedgers’ wealth follows
dvf = [rvf + XET (u%t - rl) + u''D ]dt—l—
expected endowment dividends
" " (12)
(5)Xf+ gt | B+ X IRAN,

endowment shocks

where 1 is an I x 1 vector of ones. Given the hedger’s wealth and their mean-variance utility,

the first-order condition implies

}—1[1&(}%&) —rl

.
X§ = |Qf + A5 T5, 5, .

— (a%,) Tout|. (13)
This is hedgers’ demand. As is apparent, when u" switches to u® > u”, keeping all else fixed,
hedgers’ demand curve shifts downward. This translates to an upward shift in investors’
residual supply curve diag(Pf)S — Xf, and we expect that the state s corresponds to positive

flows from hedgers to investors in equilibrium.

16Both properties reflect a positive covariance of the asset’s cash flows with investors’ aggregate portfolio
(equivalently, its price loads positively on investors’ wealth, Pf'(wf) > 0), and fail together for a hedge asset.
All of our propositions hold as stated, without any additional parameter restrictions; only the signs of the
endogenous-risk and price-volatility effects in the surrounding discussion depend on this restriction, which an
interested reader can undo by reversing, asset by asset, the signs of [E¢(R®) — r1]; and P~
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A one-off residual supply shock. While we solve the model for the general case with
arbitrary A® and A", sometimes it is convenient to focus on the case of A* = A > 0 and
A" — 0. Intuitively, this corresponds to an unanticipated (MIT) shock pushing the system
to the stressed state, which is expected to revert to the normal state with intensity A, with

no further shifts expected. We refer to this special case as a one-off shock with persistence
1

X.
The measured slope. There is a long tradition in economics to recover the slope of a
demand curve of some agents by observing how quantities and prices are affected by shocks

to the (residual) supply. We define a corresponding measure in our economy as follows.

Definition 1. Consider a dynamic equilibrium with a one-off shock with persistence % The

measured slope is defined as

M (s Aty = WE— 08 (14)
[AE; (R)];

Note that, to ease the exposition, we define measured slope with respect to a one-off
shock. Therefore, M(-) measures how an unanticipated residual supply shock with persis-
tence % changes investors’ demand for asset ¢ for each unit of change in its expected return.
Considering a A" bounded away from zero would have the expected effect on the quantitative
results, without affecting the qualitative picture.

Note also that M(-) is closer to a time-series estimator which compares the differences
in demand and expected return of the same asset just before and after the shock. Having
said that, in Section we expand on why the insights presented in this paper are similarly
relevant when the econometrician aims to identify the slope of investors’ demand using cross-

sectional variation.

Road map. Our paper aims to understand whether the measured slope recovers the slope of
investor’s demand curve. Conceptually, we think of the latter as the representative investor’s
optimal quantity response per unit change in expected returns. The analysis in the most
general case of our model requires a general formal definition of the slope of investor’s demand
which we will provide in Section Before that, we build up the intuition of why and when

it is mismeasured by the measured slope through a series of examples and special cases.

3.2 The Static Benchmark

Just as in the dynamic model, in this static benchmark we have I assets and two groups

of agents. For simplicity, we keep hedgers’ demand general. We assume that for a price

13



vector, P, and a vector of demand shocks u, the dollar value of hedgers’ aggregate demand
is X = X (P,u) with X (P,u) : R x R — R! being an arbitrary function.

Following (Campbell and Viceira (2002), we assume that the risky assets pay log-normally
distributed dividends log D ~ N(D,X) where S, D and D are I x 1 while ¥ is I x I. Then,
following |Campbell and Viceiral (2002) and |[Koijen and Yogo (2019) in relying on the log-

linearized approximation, we write investors’ demand curve in terms of portfolio shares as

1 1

j=-x1 (E(R) —rltg diag(E)) (15)
~

where E(R) = D —log P is the expected log gross return vector. Comparing to (1) maps
b to the matrix %2_1 and a to %E_l diag(X). Importantly, in this static benchmark, both

depend on deep parameters only, hence they are not sensitive to the state of the economy.

Static demand slope CSt2t, For didactic purposes, we map the vector-to-vector slope
%E_l, into an asset specific slope as follows. Suppose an investor is asked how much she
would increase her demand for asset i if the vector E(R) would change to E(R) + ¢ where §
is an arbitrary vector. The static slope will measure the response by comparing the change

in the investor’s portfolio share to the change in the implied return, that is

-1 L JF
[Z ]M+7 o (16)

N
CStat((S) = [y [(ﬂy]z — i/

where " is the investor’s portfolio share under the hypothetical scenario, just like what we
defined in (2)).

The first element in is the own-slope characterizing the investor’s response to a change
in the return of the same asset only. The second element is due to the cross-sensitivities
%Ei_jl characterizing the response due to changes in the returns of other assets. If only §;
were different from 0, or if cash-flows were uncorrelated, or if there were a single asset, the
inverse of return variance (scaled by risk-tolerance) would describe the slope of the demand
curve. However, in general, for a complete characterization of the static slope of any investor’s
demand curve, we require knowledge of the full slope matrix of %2*1.

We highlight one important takeaway from the static benchmark demand slope in ,
which will be crucial in understanding our result in a dynamic setting. While C5'2*(§) depends
on the direction of the change in returns §, the demand curve as a function of d is independent
of the demand from the other agents (i.e., hedgers).

Note that we define the slope as the quantity response to a unit change of expected return,
not to a unit change of price. In a static setting, these two definitions would coincide, because

with exogenous liquidating dividends a unit drop of today’s price translates one to one to a
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unit increase of expected return by holding one share of asset today. However, as we will see,
in a dynamic setting, the persistence of shocks and future risk matters, hence this translation
no longer holds. Because researchers in financial economics think of demand for an asset as
a function of its return characteristics, we believe this distinction is conceptually important.

Also, in contrast with the empirical literature, we do not normalize our measure to trans-
form the slope to an elasticity. As HHHKL explain, this is so because natural units differ
across modeling approaches. For instance, in the logit framework of [Koijen and Yogo| (2019),
a percentage change in demand as a function of a percentage change in return gives the most
canonical form for the demand curve, while in our CRRA framework the portfolio share as a
function of percentage (or log) returns does. In fact, since relative risk aversion can be defined
in terms of the investor’s value function, the portfolio share indeed serves as the natural unit

of analysis within the general framework of the classic Merton, (1971).

Static measured slope M5t Now we can compare C5'%*(§) to the measured static slope
MBRY(§) | which is the equilibrium effect of a shift in residual supply on the position of
investors. Shocks to hedgers’ demand change the equilibrium through the market clearing
condition

& + X (PS,ué) = diag(P%)S,

for ¢ = s,n where investors’ aggregate wealth is normalized to 1. Let AE;(R) = (D —
log P%) — (D — log P") be the change in expected (log) return due to the shock.
As a shift in u leaves %E_l unchanged, using , we have

> T ' AE(R));

v —y" 1 (571, + i . (17)

M) = ey, o [P e T RE R,

Comparing and shows that the measured slope is identical to the static slope with

respect to a carefully chosen ¢ E Indeed, one can easily show that
M (" u®) = C(6)|5=nR(R)- (18)

Therefore a shift in residual supply recovers the slope of static demand.

The main insight of the paper is that this principle does not hold in a general dynamic

"Fuchs et al.| (2025) refers to the second element in the bracket of expression as the spill-over. One of
the main insights from their paper is that in general C5***(§) # M®*** unless § = k - 1;, which is proportional
to i'" element of unit vector (k is a scalar). That is, measured elasticity is not own price elasticity because
supply shocks affect all expected returns. Our requirement of 6 = AE (R®) in represents the implicit
assumption that the econometrician understands this point, hence all the effects we discuss in the rest of the

paper are over and above those originating from this spillover.
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framework@

4 Log Investors: The Anatomy of the Tilt

To introduce our effects in steps, we start the analysis of our dynamic model in some special
cases. We consider log investors, a one-off shock in residual supply, and two extreme cases:
when the stressed state is fully persistent, A — 0, and when it is fully transitory, A\ — oo.
In the former, after the shift in hedgers’ demand, investors expect to remain in the stressed
state indefinitely. In the latter, investors expect the stressed state to last only for an instant
and return to the normal state almost immediately. These cases not only provide simplified

intuition for the tilt but also allow for some analytical results.

4.1 Equilibrium with Log Investors

Before we study the limiting economy with one-off shock, we derive the equilibrium under
general {\", A*}, following standard arguments. In the main text we provide a sketch only
while the details are available in Appendix

As in any general equilibrium model with infinitesimal agents, we need to distinguish be-
tween an investor’s individual wealth w; and investors’ aggregate wealth w;. Each individual
controls w;, which coincides with the investor sector’s aggregate wealth w; only in equilib-
rium; in contrast, w; serves as a state variable in this model, which each individual takes as

given. The conjectured value function, which depends on both ﬁ)f and wf, is
€1 Y — Yoo 4 2 (uf
V(wtth):;k)gwt"i'Q( )- (19)

As is conventional with CRRA (power) utility, we define an investor’s demand in terms of her
chosen portfolio share, gjf . Let yf be the aggregate counterpart of g]f , and the corresponding

consumption variables are éf and cf, respectively. Then each investor’s wealth dynamics is

dis = riédt + o (de - rldt) — &t
[0 T 0§+ T+ S (05 T+ NS
From , the total wealth dynamic for investors aggregates to

T T T T
dw; = [(1 — yf l)rwf — cf + wfyf u%t} dt + wfyf (O’%t)TdBt + wfyf J]%thf, (21)

8 Most empirical studies do not attempt to identify each element of the slope matrix (which is determined
as £¥71 in our example) ; instead, implicit or explicit assumptions on the structure of this matrix identify
the combinations of interest, as HHHKL explain. We abstract from these dimensionality issues and focus on
the higher-level question: what if the matrix itself is not invariant to supply shocks?
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which gives the drift and diffusion of aggregate wealth, 1 and /", Then, substituting the
conjectured value function into the representative investor’s HJB equation and deriving the

first-order conditions give the familiar optimal consumption rule for a log agent
& = pif, (22)

and the demand function for risky assets. The next proposition spells out the latter for the
following two cases of residual supply shock: i) one-off and fully persistent with A\ — 0; and

ii) one-off and fully transitory with A\ — OOE

Proposition 1. Suppose that investors have log utility and there is a one-off residual supply
shock. Then in both limiting cases A — 0 and A — oo, the optimal portfolio policy of log

investors has the form of
G = (0) 7 (Eo(RS) = 1), (23)

Note the simple form of investors’ demand function . Similarly as we noted for our
static benchmark, the slope of investors’ demand is captured by the inverse of the covariance
matrix of returns. Indeed, analogously to the static case, we can define the slope of demand
of the log investors as follows. Suppose in state n, the investor is asked how much she would
increase her demand for asset i if the vector E;(R) would change to E;(R) + § where ¢ is an
arbitrary vector. The log slope will measure the response by comparing the change in the

investor’s portfolio share to the change in the implied return, that is

D145 18];
Yo — Yt

Clog(wf§5) = WL = [(Q?)_l]u + a 0], ) (24)

)

[Ah AT

i

where g)f is the investor’s portfolio share under the hypothetical scenario with a higher ex-
pected return E;(R) + . An inconsequential difference between and is that log
investors have a constant relative risk-aversion of 1, hence the v parameter can be omitted.

In contrast, the consequential difference is that the exogenous X, which is the covariance
matrix of the logarithm of date-1 dividends as in the setting of |Campbell and Viceira (2002,

is replaced by the endogenous Qf, the covariance of equilibrium asset returns. To see the

9The case of A — 0 is easy to understand since in this limit it is as if the economy never reverts back to
the normal state from the stressed state and vice-versa. The case of A — oo is a bit more subtle, as it involves
the equilibrium property of the price path; for some intuition, see footnote @
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implication, let us write the measured slope as

0, n.,,s . n\ [yf_ytn]z
Mlg(wt,u,u)zm (25)
(@)~ — (@) ) (B (B°) —r1)],

[AE; (R)]; ’

= C%(w}'; 6)|s—am,(r) +

where we have used @ Unlike in the static case, in our dynamic equilibrium with log
investors (either perfectly persistent shocks A\ — 0 or transitory shocks A — o0), shifts in
residual supply do not recover the slope of investors’ demand, C'°8. The difference stems
from the fact that when hedgers dump assets on investors, the persistent change in the
allocation of risk changes the covariance matrix of returns. Hence, the change in residual
supply tilts investors’ demand@ Just as in equation , the resulting second term in is
the endogenous risk effect.

To build more intuition on the sources and direction of the tilt, we consider two examples.
First, we consider the case of a single risky asset. In the second example, we consider multiple
assets out of which the shift in residual supply affects only two, but in exactly opposite ways.
As it turns out, we obtain sharp analytical characterizations of the tilt in two scenarios: in

the first case, as A — o0o; and in the second case, as A — 0.

4.2 Single Risky Asset

With a single risky asset and log investors, the slope of demand C'°% simplifies to the inverse of
return variance, (o’,) 2. For M™% when hedgers demand less of the risky asset in state s for
given expected return, investors hold a riskier portfolio. Therefore, we expect the volatility
of their wealth to increase, which, through , is expected to increase the volatility of the
risky asset. This should imply that the measured slope, M!°8, is smaller than C!8.

The following proposition gives the formal statement about the negative endogenous risk
effect. It is tempting to conjecture that when the hedging shock is extremely short-lived
(A — 00), this effect vanishes. We prove that this is never the case: M8 is strictly smaller

than C!°% in this limit, even when the demand shift is infinitesimally small.

Proposition 2. Consider an economy with log investors, single risky asset I = 1, and the

demand shift shock is transitory A — oo. In this economy,

1. for any giwen u® > u", the variance of the asset increases, o, < 0%, hence the

20Tn general, we find that the second term is well defined and bounded away from zero in all relevant limits.
We show this formally for various cases in Proposition El and Proposition

2!'Note that our analysis on log investors provides a sharp comparison to [Koijen and Yogo| (2019) who also
consider (myopic) log investors. The difference stems from the fact that their Assumption 1 assumes away
the possibility that the residual supply shock affects the volatility of assets. In contrast, we show that general
equilibrium forces imply that this is likely to be the case.
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endogenous risk effect is negatz’veF_El That is,

lo n. n s lo n [ﬁ_ﬁ] (E¢(RS)—r)
M g(wt yu-,u ) -C g(wt ;5)|5=AE,5(R) = it A}Et(R) < 0. (26)

2. Even if the demand shift shock is diminishingly small, s bounded away from zero:

Jim (M9t w) = €9 (w5 6) s, m) ) < 0.

The first part of Proposition 2] states that in our economy, as hedgers liquidate some of
their positions due to the shock, the endogenous return volatility goes up. Hence, the endoge-
nous risk effect is negative and the measured slope is flatter than its conceptual counterpart.
Intuitively, if investors hold more of the risky asset in equilibrium due to hedgers’ shock,
y; > yi', it implies that a future adverse shock, dD, < 0 results in a larger drop in investors’
aggregate wealth w,, increasing risk premium more; and this leads to a larger decrease in
price, which amplifies the initial drop in aggregate wealth. As this amplification effect is
stronger when y; > y;*, the shock implies a volatility hike: o, < o%,. Since in the single
asset the risk premium is positive E;(R*) —r > 0, holds.

We highlight that this is a form of well-established “leverage effect”—the empirical reg-
ularity that volatility rises when stock prices fall (Black, 1976; |Christie, [1982)), and the eco-
nomic intuition is closely related to the amplification effect in various heterogeneous agent
models (e.g. Longstaff and Wang, 2012; He and Krishnamurthy, [2013; [Brunnermeier and|
‘Sannikov, 2014} Kondor and Vayanos, |2019[)l§| Importantly, the leverage effect we isolate

operates without any financial leverage: volatility rises not because a price decline mechani-

cally raises a firm’s debt-to-equity ratio, but because investors endogenously bear more risk
in equilibrium. This aligns with recent evidence that the leverage effect appears even in firms
with no debt (Hasanhodzic and Lo| |2019) and in the volatility of unlevered assets (Choi and
Richardson, 2016), pointing to a risk-based rather than balance-sheet origin, in the volatility-
feedback tradition of |Campbell and Hentschel| (1992) and Bekaert and Wul (2000); indeed,
recent estimates attribute a large share of index volatility variation to past returns

land Lekeufack], 2023)). Our contribution is to give this risk-based leverage effect a general-

equilibrium micro-foundation and to quantify its consequences for demand estimation. The

22Note that if instead we assumed u® < u", then o, > o5 and AE;(R) < 0 implying that by the
endogenous risk effect would be still negative.

*In [He and Krishnamurthy| (2013) and [Brunnermeier and Sannikov| (2014) intermediaries play the role
of investors. In|He and Krishnamurthy| (2013) the amplification is due to the endogenous equity constraint
induced by moral hazard (of intermediaries). To see the parallel between |Brunnermeier and Sannikov]| (2014)
and our setup, consider the v — 0 limit in our case. Then, in both models intermediaries/investors are the
efficient holders of risk. However, foreseeing that they cannot operate when their wealth shrinks to zero,
intermediaries/investors are willing to hold less and less risk as their capital shrinks. (For a larger « this effect
is stronger by risk-aversion.)
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logic parallels a known measurement gap in this literature: just as the measured return—
volatility correlation understates its true value at high frequency (Ait-Sahalia, Fan and Li,
2013)), here the measured demand slope understates its conceptual counterpart.

Note that our economy features incomplete markets: investors can trade Brownian risk
but cannot trade jump risk ex ante. This is consistent with our focus on one-off shocks,
which arrive unanticipated (A" — 0): in the normal state agents assign zero intensity to the
transition, so neither would establish a jump-risk position even if such assets were traded.
The key qualitative takeaway is nonetheless robust to making anticipated jump risk tradable.
Take the negative endogenous risk effect: its driver is that investors change their holdings
of the shocked asset after the distress shock, yi > y;'. But this position change merely re-
flects risk sharing between hedgers and investors, and a complete market implements optimal
risk sharing rather than eliminating risk. Investors therefore still absorb the asset once the
economy enters the stressed state, and the core economics goes through.

A formal argument of this negative endogenous risk effect is useful. From the definition of
return volatility (9)-(10]) we have O'%t =(oc+ U?Dt) / Pf, where the first (second) term captures
the exogenous (endogenous) volatility of Brownian dividends (asset price). The amplification
mentioned above applies to the second component regarding the endogenous price volatility
Ufgt of the risky asset, which is determined in equilibrium by (using 1t6’s lemma on and

matching volatility terms):

increasing in yf
afgt = P (wy) x  Investors’ Holding, - (a + J%t). (27)
~—

price volatility >0, price loading on wealth

wealth w¢’s exposure to risky asset

That is, the price volatility of the risky asset increases when investors increase their holdings.

When A\ — oo, risky asset prices and aggregate wealth converge across the two states@
The convergence, however, does not imply that the relevant return moments converge. To
accommodate a given demand shift shock u® > u”, investors’ endogenous risky asset holdings
must differ across the two states. As a result, the stressed state features both a strictly higher
return volatility and a strictly higher expected return, due to investors’ greater risk exposure
in the state.

In the second part of Proposition [2| we additionally let the demand shift shock become
diminishingly small, ©®* — «". In this limiting case, both the volatility difference and the
expected-return difference vanish. However, the endogenous risk effect is governed by the ratio

of these two first-order changes. In the proof of the proposition, we show that in the limit

24We show in the Appendix that when A — oo, we have P* (-) — P™(-) and w™ — w®. Intuitively, price
paths should be continuous under immediate (and almost certain reversal), which differs from van Binsbergen
et al.| (2025) who analyze discontinuous price paths.
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Figure 1: Measured slope of a log investor, M8 and the corresponding conceptual slope,
C'2(8)|s=ar,(r) With one risky asset. The solid red line plots M8 for a transitory shock (A — o0)
and the dashed red line for a persistent shock (A — 0); the blue line is the conceptual slope C'°&, which
is common to the two cases. We change the u® shock to get varying incremental expected return (in
percentage) AE; (R). We plot our measures against the implied change in percentage incremental ex-
pected return, with our benchmark parameterization: D = 0.415, 0 = 0.57, a = 1, r = 0.03, p = 0.08,
S =1, u™ = 05 all curves are evaluated at the mean of the stationary distribution of investors’ wealth,
w = 3.24. The choice of parameter values is discussed in Appendix

this ratio is well defined and bounded away from zero corresponding to the local derivative
O(oRrt) "2 /OE4(R) along the equilibrium response to the residual supply shock. Hence, the
endogenous risk effect is strictly negative even in the joint limit of a fully transitory and
diminishingly small demand shift shock.

We finish this section with an illustration of the difference due to this effect in the fully
persistent (A = 0) and fully transitory cases (A = o). Placing the implied change of expected
return AE; (R) on the z-axis, shows M98 and C!°8(6)|s5— AE,(r) for various values of

u® for these two cases, with parameters calibrated to|Gabaix and Koijen| (2022]) who study the

macro elasticityﬁ While the difference between M8 and C'°8 is significantly lower when
the shock is transitory, in line with Proposition [2] the measured slope is too flat and the
mismeasurement is bounded away from zero even for infinitesimal shocks: the figure shows
that M!°8 remains below half of C'°% even as AE;(R) — 0.

25The details of the calibration and the baseline parameter values are discussed in Appendix As we
explain there, A ~ 1 would match the persistence of flows in |Gabaix and Koijen| (2022).
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4.3 Multiple Assets: The Economy with Blue and Red Assets

Next, we consider a stylized multi-asset example to illustrate how moving from return variance
to the covariance matrix affects our intuition.

We picture a market with a large number of assets with the same cash-flow risk separated
into two groups: red and blue. The only difference between these assets is in the corresponding
component of hedgers’ demand shifter, u¢; in particular, hedgers hold blue assets in larger
proportion due to the difference in their background risk. We imagine that when the state
switches from n to s, the first and last assets, i = 1 and ¢ = I, switch color. The first asset
turns from blue to red, while the last asset turns from red to blue. The shock does not affect
any other asset. That is, in state s hedgers reduce their position in the first asset but increase
their position in the last asset. A simple interpretation is that blue assets are part of an index
in which the last asset replaces the first asset. However, other interpretations along hedgers’
mandate for blue assets (akin to Koijen and Yogo (2019)) would work equally well.

For a precise formulation, suppose that ¥ = ¢2I, S = s1, D = d1 where I is the identity

matrix, and s, o2, and d are arbitrary scalars. The demand shifter for hedgers is as

" v for ¢ < Iy,
[u"]; = .
v+ Av for i > Iy,
and
v+ Av fori=1,
[u®]; = Qv fori =1,

[u™], otherwise,

with v and Av being some positive constants. Here, the first I assets are initially blue.

We constructed this example to minimize the effect of the state £ on the aggregate econ-
omy. After all, only the labels of two assets with the same cash-flow risk are swapped. Note,
however, the aggregate wealth of investors still changes due to the shock. As each investor
holds more of asset I than of asset 1 in state n, when the prices of these assets jump due to
the shock, investors’ wealth jumps as well. As wf is a state variable, this affects the aggregate
economy.

To sharpen our theoretical results, therefore, we consider the limit when the difference
in hedgers’ exposure to blue and red assets, and consequently, the change in their demand
captured by Av, is diminishingly small. As the next lemma states, in this limit the effect of

the shock on the aggregate state, wf is second order.

Lemma 1. Consider the limit A — 0 in the economy where red and blue assets have the same

S_oymn
cash-flow risk. In this economy, lima,_0 thgUt =
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One might expect that the effect of this small local shock on the equilibrium outcome
is negligible, implying that the endogenous risk effect disappears and, therefore, M!98(.)

corresponds to C°2. We show in the next statement that this is not the case.

Proposition 3. Consider the limit A — 0 in the economy where red and blue assets have the

same cash-flow risk. In this economy, for sufficiently small Av,

1. the endogenous Tisk effect is negative and is strictly bounded away from zero. Hence

. l . l
dim M (witu® e®) < lim (W 8) s=ag, (r)-

2. In particular, the variance of asset 1 due to the shock increases,

lim [QF — Q?]u _ 2(_‘r4F (we) (s + U)f + 7 (wy)

0
Av—0 Av (P) >

just as its covariance with any other asset

[QtS—Q?h' — Ds+wv
lim ———— =F gt
i v (wi) o

where F (+) is a scalar function defined in the proof and j # 1,1. (Note that by symmetry
limay o Siothr — ).

First note the implicit result in Proposition [3| that even if the shock is diminishingly small,
Clo2 and M2 are still well defined and bounded away from zero. This is because the change
in quantities and the change of expected returns diminish in the same order. Second, the
diminishingly small shock does not lead to a diminishingly small difference in C'°% — M8
either. This is because both the denominator and the numerator of the second term in (25|
are of the order Av. That is, while small shocks lead to small changes in all equilibrium
objects as expected, the mismeasurement depends on the ratio of the effect on the covariance
and on expected returns.

We also state that just as in the single asset case, the measured slope is flatter than its
conceptual counterpart. It is because as hedgers liquidate their holdings of the first asset, both
its endogenous return volatility and its endogenous covariance with all the unaffected assets
go up. The intuition is similar to the single asset case. Investors, by construction, have larger
exposure to the dividend shocks of red assets. Whenever future cash-flows of red assets are
lower, investors’ aggregate wealth drops more, decreasing their risk-bearing capacity. While
this will increase the risk premia of all assets, it will lead to a disproportionate drop in the
prices of red assets as investors have to keep holding more of them. Therefore red assets are

more volatile and have a larger covariance with all other assets.
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Cross-section versus time-series identification. It is a good place to highlight that as
the empiricists exploit various instruments to identify exogenous variation in residual supply,
our main insight — that residual supply affects investors’ slope of demand — holds regardless
of whether the instruments operate along the time-series or cross-sectional dimension.

As we mentioned, our definition of M(:) in is closer to the time-series notion as it
focuses on the differences in demand and expected return of the same asset before and after
the shock. Alternatively, in economies where two assets, ¢ and j, are close-to-identical in

their fundamentals, we could also consider the definition

[wi'l; — wi'l;
[E¢ (R™)]; — [Ee (R™)];

Mcross—sectlon ( w;n; un)

(28)
comparing the differences in demand and expected return between two similar assets in the
same cross-section in state n. This would be closer in spirit to the empirical methodology in
Koijen and Yogol (2019).

In our illustrative example with blue and red assets, it is easy to contrast the two ap-
proaches. Let i = 1 and j = I, therefore MCrosssection compares a blue asset and a red
asset in the cross-section & = n. Mlog(wf;u”,us) compares an asset which is blue before
the shock and red after. By Lemma in this example each asset’s position and expected
return are the same state-invariant functions of (wf, u;), so Merosssection and M98 compare
the same change from v to v + Awv; they differ only in that M!°8 additionally moves ag-
gregate wealth from wj’ to wy. The numerator and denominator of each are first order in
Awv, whereas by Lemma 1| the wealth jump w; — w} is second order; hence the wealth-jump
term is a second-order correction to first-order quantities and vanishes in the limit, giving

the following Proposition.
Proposition 4. Consider the limit A — 0 in the economy where red and blue assets have the

same cash-flow risk. Then

lim Mlog(w?; un7 ’U,S) — lim Mcmss—sectwn (,w;z,; un) )
Av—0 Av—0

This implies that Proposition [3| holds regardless of which approach the econometrician

follows, illustrating the generality of our main insights.

5 The General Case: Intertemporal Hedging and Persistence

Now we turn to the general model with CRRA utility and residual supply shocks with ar-
bitrary persistence, 1/\. First, we summarize the main properties of the equilibrium. Then
we show how the investor’s first-order condition defines a general concept of the slope of

investors’ demand, the dynamic slope. Finally, we show that when the residual supply shock
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hits, investor’s demand curve not only tilts due to the endogenous risk effect, but also shifts
due to additional effects stemming from general equilibrium forces connected to intertemporal

hedging and the persistence of the shock.

5.1 Equilibrium in the General Case

We derive the equilibrium in our multi-asset dynamic model. As main ingredients, we al-

ready defined the conjectured price process, hedgers’ demand, and investor’s individual and
aggregate wealth in equations @D and and —.

Investors’ demand. Given the dynamics of the individual and aggregate wealth of in-
vestors, an investor’s value function in state £ € {n, s} satisfies the Hamilton-Jacobi-Bellman

(HJB) equation which we write in a general form:

Vi_ngzﬁi { ( ) VE w»é_i_ZVuE}w( ,S)T w’§+V§ w7€+2V£w( @)T w,§
CiyYt

+VE (o) ot 4 A (V6F — Vg)}.

Here, V¢ stands for the value function Vg(wt , wt) V~57 is the value function evaluated after
the jump, with the superscript + denoting post-jump while —¢ denoting the other state once

jump occurs:
Vet = v (af (14 55 ef (L4 of TR ) -

Denote Qf = (J%t)T(U%t) to be the covariance matrix of returns. The first-order condition

in g]f gives the familiar components of asset demand as in Merton| (1971):

risk tolerance

e N
Up = 4A (Q ) Ei(R>) —rl) + " CE—wpyy + N > w(Qt)_ A JRt-
wf(—Véw) wf(—véw) wf (_an@)

g

myopic hedging of Brownian hedging for reversal, Jr;

(29)

The first part, which is myopic demand, is analogous to the static demand curve: the in-

stantaneous expected return scaled by the product of the inverse of the covarlance matrix and
&y—1

= Vfw) (Q;)"". As

we will see, the shock to residual supply affects this term through the endogenous covariance

risk-tolerance. One could also map the term b¢ in ((I]) in our example to — e

matrix, and this endogenous risk effect is responsible for the tilt of the demand curve.
The second part is the intertemporal hedging demand with respect to the diffusion part of
the aggregate state variable, w;. When wy affects the marginal value of a dollar, its correlation

with the investor’s individual wealth w; affects her demand. The last part is a similar term
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but it represents hedging demand with respect to the reversal. When the residual supply
curve reverts, prices jump, affecting investor’s marginal value of a dollar and their individual
wealth at the same time. Hedging this affects her demand.

These two hedging terms in map to the term af in , and they may be an empirically
important ingredient for understanding asset pricing (Campbell et al. 2018| 2023). As we
will see, these terms are affected by the residual supply shock in a complex way, resulting in

a shift of the demand curve.

Solving for equilibrium. We solve for the equilibrium prices after imposing that individ-

ual positions equal the aggregate position g)f = yf and market clearing for each instant

XE 4wyt = diag(PY)S.

The next proposition spells out the resulting dynamic demand function and the structure of
equilibrium for the cases of log investors and CRRA investors with arbitrary state switching
intensities {\*, A\"}.

Proposition 5. In Case 1 (log investors), the value function has the form of
1
V@, wf) = ~logf + 4 (wf). (30)

The optimal consumption-portfolio policies are

éf = plf}f,
jé = (Qf)—l(E (RS) — rl) s [ — L ) e (31)
Yy t t t 1+ gtg‘rj;t Rt

The ODE that determines (jf(wf) is in Appendiz .
In Case 2 (CRRA investors), the value function has the form of

~E\1—~
R W
Ve uf) = S uf). (32)

where qf(wf) s the marginal value of wealth in state wf. The optimal consumption-portfolio
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policies are

1 1¢% (wf) A a ¢ (wf (144§ I5,))
Anggﬁ—l(ﬂz (R§>—1> S 8 A byt L 1| T,
b =507 (B )T ) T PR T e "

(33)

The ODEs determining qf(wf) are given in Appendix .

Note that investors’ demand in each of our special cases follows the general structure of
(29). However, illustrates that in the simpler log case there is no intertemporal hedging
term for the Brownian shock. This is a well-known property pointed out by Merton| (1971]).
At the same time, the intertemporal hedging term for the reversal remains@

Importantly, because of the form of the equilibrium pricing vector , investors’ portfolio
choice changes not only with the state of the residual supply curve, &, but also with their
aggregate wealth, w. Because poorer investors are less willing to absorb risk, aggregate

investors’ wealth affects the risk premium.

5.2 Dynamic Slope and Myopic Slope

How should we think about the concept of slope of our investors’ demand function in this
general dynamic environment? In a static benchmark with a single asset, the slope, which
measures the response in the asset holding to a unit change in its return, is a scalar. As
illustrates, with multiple assets, a matrix describes how each component of the portfolio
changes as the returns of assets do.

The general dynamic environment is more complex. As the investment opportunity set
can predictably fluctuate, the investor will consider all current instantaneous (expected)
returns as well as the distribution of future return paths when making her portfolio decision.
Conceptually, one should measure the response in ¢; for any marginal change at any point of
these return paths. This is an infinite-dimensional object.

The power of the Merton approach comes from summarizing the joint distribution of all
future price paths into a small number of simpler economic objects. As illustrates, apart
from the expected return vector and covariance matrix, the Merton investor’s demand also
responds to changes in the future investment opportunity sets in all periods 7 > ¢t. But this
also suggests that our heuristic approach in defining the slope of the investors’ demand curve

for our special cases, that is, C™", C**** and/or C'°8 is not sufficient. When intertemporal

26Equation (3] also echoes the simple optimal myopic portfolio decision in Proposition |1 The subtlety of
the A — oo case is that in Appendix we prove the associated return jump shrinks to zero, so that, while
Jrt — 0, limx_ 00 AJR: remains finite and the term inside the bracket (with the order of g)fT Jf%t) converges to
ZEro.
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hedging is present, the investor’s response to an increase in expected returns from E.(R) to
E¢(R) + ¢ will depend on how future price paths change beyond the next instant.

Based on the discussion above, we suggest two alternatives.

Myopic slope. When simplicity is preferred, one can focus on the myopic component of
demand and consider the matrix %(Qf)*l as an approximation of the conceptual slope of the
demand function. Then, analogously to the static conceptual demand , we define the

measure of myopic conceptual slope of the CRRA investor in the normal state as

> () 19l

1 _ 1 j#i
C™O(wi6) = — |(QF 1 ..—i——J—. 34
(w0) = 2 [+ 57 (34)
own-effect cross—ass;tr spillover

Dynamic slope. The second approach is to parameterize the future path of returns beyond
the next instant, capturing the idea that the investor cares about the persistence of the shock
to expected returns, its size and relative magnitude across assets (i.e., its direction), and
also the flow share of additional return versus the lump-sum when the shock reverses (i.e.,
its composition). Our headline measure is the dynamic slope defined as follows. We then

characterize it fully in our equilibrium model.

Definition 2. [Dynamic Slope] Suppose that an investor is offered the opportunity to buy
any asset © with a §; additional instantaneous expected return where § is an arbitrary vector.
In particular, she is asked to form demand ' facing, for each asset i, the dividend process

[P]"]; 0

dD}, = D;dt + [0 TdBy]; + (1 — xi)[P/"); 6; dt + xi AN}, (35)

instead of @, where dN]' is a Poisson process with intensity \. After the first jump the
dividend process switches to @ forever. Then the dynamic slope is measured as
“ho_ an
Cm (wl; ) = Lot =9l (36)
d;

where y;* refers to the equilibrium demand in a normal state where \* = 0, and the tuple
0 = {\, 0, x} parameterizes the persistence, direction and composition of the shock to return
path, respectively. Here x is an I x 1 vector with x; € [0,1], so that each asset i has its own

split between the flow and the lump-sum component of the higher return.

The concept of dynamic slope is appealing for several reasons. First, it is simple to
understand. It measures the optimal response of an investor’s demand to a change in expected

returns (implemented through a hypothetical dividend process) of given persistence, direction,
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and composition. Note that under our parameterization of , the change in expected return
is always ¢ irrespective of A and y.

Second, as we argue below, it allows for a change in return path sufficiently close to its
equilibrium counterpart in our dynamic setting. In our model, a shift in residual supply
governed by a Poisson process implies, apart from an increase in instantaneous expected
returns, a higher flow return and an added lump-sum at reversal. The parameter y; governs,
for each asset i, the share of the higher return which is received as a flow relative to the
share received as a lump sum. The inverse of parameter A\ governs the persistence of the
improvement of the investment opportunity set. In the A — oo limit, dynamic slope captures
the investor’s response to a hike (or drop) in expected return for an instant. In the other
extreme, the A\ — 0 case captures a permanent change in expected return.

Third, dynamic slope is closely tied to typical policy questions addressed in the growing
literature of demand elasticity. For instance, the central question of quantitative easing (QE)
is: to maintain the yield of certain bonds at z basis points below their non-intervention equi-
librium level, how much must the Federal Reserve purchase as a fraction of outstanding bonds
over a specific period? Dynamic slope provides the critical individual demand characteristic
needed to answer this question: the change in the amount an investor is willing to hold in
response to a change in return of given persistence.

Finally, observe that just as our definition for the static case, dynamic slope captures the
quantity response to a given change in the expected return vector, not to a given change
in the price vector. In the dynamic context, the distinction is critical. Clearly, as it has
been pointed out by Davis et al. (2023) and van Binsbergen et al. (2025), the same price
shock implies a much lower expected return shock if it is persistent than if it is transitory.
Therefore, throughout our analysis we control for this by keeping the expected return shock

constant in our comparative statics.

Dynamic slope as an optimization problem. To calculate dynamic slope, we first
solve for the equilibrium as described in Proposition [5| with a constant residual supply curve,
that is, v = u"™ and A" = 0. This defines the portfolio holdings §™ and value function
VE(@wE, wt) when the economy is under the baseline normal state. Also, the equilibrium
objects ui’, o’ represent the dynamics of the aggregate state variable which is not affected
by the hypothetical dividend distribution (because the extra dividends are offered only to a
given investor).

Then, we introduce Vh(~, -), the value function of that investor who is receiving the
hypothetical dividends . We conjecture that in the CRRA case, it has the form of

Vh@h wf) = ¢ (uwp; 0) L0
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Note that the marginal value of a dollar ¢ (w?; #) depends on the parameters of the dividend
process. Also, the HJB equation of this problem takes into account that when the offer ends
so the dividend process reverts back to its equilibrium dynamics, this investor’s value function
jumps back to that under normal times.

Given these objects, we solve for the optimal portfolio choice § of the investor facing
hypothetically higher dividends. Comparing to the investor’s demand in normal times g™ and
substituting both into the definition of dynamic slope, gives a similar decomposition of
dynamic slope as in the dynamic asset demand in . The following proposition summarizes
the results for both the log and the CRRA cases, with details provided in Appendix

Proposition 6. In Case 1 (log investors), demand under hypothetical dividend path 18

A
~h n\—1/,n ny—1 j:
=(Q —rl+49)+ —1](Q d 0.
= () e = L4 0) [ s = 1] () ding () (37)
Hence, the dynamic slope has only two components:
~h _ Anl
Cdyn (w?,e) _ [yt 5‘yt ]7,
> Len, ()" ding(x)3)
_ j#i ‘ A Q) ~* diag(x)dl;
— (M), + i7 n _ 7 i
()] o, o
myopic slope hedging against reversal
(38)

In Case 2 (CRRA investors) demand under hypothetical dividend path 18

1 ¢"(wy';6)

1
~h ny—1 n n,n
7 =— (2 Mgy — 11 +0) + ——————Jw'y
t ~y ( t) ( Rt ) ~ qh(wt ,9) t Jt (39)
1 ( ¢ (wp) 7 diag(x)d, )
+ — (27) " dia o ———(1+ T—-1),
,y( ) g(x) qh(wg;e)( Uy )

where ¢"(wi; 0) is the investor’s marginal value of wealth given the hypothetical D" (with
ODE for ¢"(w}; 0) given in Appendix , while ¢"(w}) is the marginal value of wealth in
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equilibrium with constant u™. The implied demand slope is as follows:

e wp0) =B = oy N

myopic slope

1rg"(wis0)  ¢"(wp)7 lyrwpli
+'y[qh(wﬁ;é’) q”(w?)} [0]: (40)
Brownian hedging
17 q"(wf) i diag(x)o\ = 1 [(QF) ! diag(x)dl:
# 3l U T

hedging against reversal

Dynamic slope versus myopic slope. Despite the conceptual differences, our concepts
of myopic and dynamic slopes are intimately related. The next proposition states that the

dynamic concept is identical to the myopic one if the return path changes only for an instant.

Proposition 7. For CRRA investors, the limit of the dynamic slope is the myopic slope
when the hypothetical dividend path is perfectly transitory:
)\li_)Igo c (wi'; 0) = C™°(wy; 6).

illustrates the differences between the myopic and dynamic slopes, under the
calibrated parameters (see the details of calibration in Appendix . The blue solid line
plots how much the investor would change her demand as a function of the given change
in instantaneous return § in our dynamic setting. Hence, dynamic slope, CV™ (wi; 0) ap-
proximates the slope of this curve. We also plot the gray line as the corresponding myopic
component given in ; and the red dash-dotted line which gives the myopic demand plus
the Brownian hedging component. Note that, just like the static demand curve C5%* (§) in
, the myopic component is linear in § as seen from .

There are two immediate takeaways from [Figure 2} First, the change of asset demand is
non-linear so that the demand curve turns flatter for larger shocks. Second, the curve tends
to be flatter compared to the (linear) myopic demand; this is due to the classic Brownian
and reversal hedging components a la Merton (1971), which, as shows, tends to be
negative under our calibration "]

also illustrates that as long as the shock to expected returns, 9, is not too large,
the intertemporal hedging components tend to be small, hence the dynamic slope is close to

its myopic component. This fact, and its simpler structure, might make the myopic slope an

2"For the interested reader, Appendix @ discusses the economic intuition of why the Dynamic Slope tends
to be flatter than its myopic counterpart.

31



myopic
= =" myopic + Brownian
— i i =
myopic + Brownian + reversal -
7
4 e
R
e
”
g {~° reversal
< ne hedging
o o
= 3 "
£ /‘/
8 -
a, g
= s
R -
g;u 2 /"
s >
S R
o -
= B
”
< o
<7
2

l .

0 T T T T T 1

0.00 0.05 0.10 0.15 0.20 0.25 0.30

8, change in expected return

Figure 2: Change in demand as a function of change in expected return and its components. The
blue solid line gives the investor’s dynamic demand, which is the change in the investor’s portfolio
share Ay as a function of the change in the given instantaneous expected return §. The gray line
gives the myopic component, the red dash-dotted line gives the myopic demand plus the Brownian
hedging component; so the gap between solid blue line and dash-dotted red line is the reversal hedging
component. The parameter values are D = 0.415, 0 = 0.57, a = 1, vy =3, r = 0.03, p = 0.08, S =1,
u™ =0, A =1, and x = 2/3; the demand change is evaluated at the mean of the stationary distribution
of investors’ wealth, w = 5.03.

attractive alternative to dynamic slope as a concept to capture investors’ demand sensitivity.
Indeed, we shall demonstrate soon, that whichever of them the econometrician wishes to
recover based on shifts to residual supply, the problems remain the same.

It is important to emphasize that this does not imply that the effect of intertemporal
hedging can be ignored. In terms of our minimal example, the quantitatively small intertem-
poral hedging corresponds to a small a (-). However, as the last term in illustrates, if the
investor’s demand curve shifts, the mismeasurement of its slope is not proportional to the
absolute size of a (-); it instead depends on the ratio between the shift size and the corre-
sponding change in expected return, %. We will demonstrate below that this ratio

can be large, even when the difference between dynamic slope and myopic slope is small.

5.3 Measured Slope versus Its Conceptual Counterparts

Per Definition [1], the measured slope of asset ¢ is simply the ratio of the change in the repre-
sentative investor’s portfolio share [y® —y™]; to the change in its expected return [AE;(R)]; as
the equilibrium responds to a one-off residual supply shock. With CRRA utility, the optimal
portfolio policy implies that the measured slope is
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~
measured Brownian hedging measured hedging against reversal

(41)

For easy comparison with the Dynamic slope, we add “measured” to the label of each com-
ponent.

Now we are ready to confront the main question of our paper in the general setting:
to what extent can an econometrician with an instrument capturing a shift in the residual
supply curve successfully measure the slope of an investor’s demand curve? Under what
conditions does the measured slope recover its conceptual counterparts, the Dynamic slope

or the Myopic slope?

Measured slope versus myopic slope. Note that Expression immediately pro-
vides an intuitive decomposition for the difference between measured and myopic slope,
M (wi; A, u™, u®) — C™°(wi'; 0)|s=ar,(r)- The second term in is the endogenous risk
effect, while the third and fourth terms are the effect of amplified intertemporal hedging and

measured hedging against reversal effects.

Measured slope versus dynamic slope. Now we turn to the comparison of M to C¥™.
To give this exercise a fair chance, we pick i) 6 = AE;(R) to match the size and direction of
the expected return shock due to the shift in residual supply; ii) diag(x)d = AJ}3, to match
the composition; and iii) A to match the persistence of the shock.

We now show that even if we match the parameters of these objects as closely as possible,
CH™ and M in general differ because M takes into account the adjustment of the dynamic
equilibrium to the residual supply shock. Just as before, we can trace back the difference

between CW™ and M to three distinct sources.

Endogenous risk effect. First, recall that the myopic component of the slope of demand,
which is the product of risk-tolerance and the inverse of the covariance matrix of returns
Q,, is analogous to the static case. As the form illustrates, both of these elements are
equilibrium objects for general utility functions. In our CRRA setting, implies the risk-

Vi (+) =1

tolerance to be an exogenous parameter Vs 0)) = However, the covariance matrix
ww
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of returns is endogenous because the shift in residual supply can change the riskiness of the
asset’s endogenous price and its covariance with other assets, even if cash-flows do not change.

As the slope of the dynamic demand curve is conceptually measuring how a single agent
reacts to changes in returns, our measure C%¥™ is not affected by these general equilibrium
effects. Therefore, the myopic component of C™™ will differ from that of M. The following
corollary states the result, obtained by differencing the myopic components of M in and

Ch™ ip .

Corollary 1. For a CRRA or log investor, the myopic slope differs from myopic measured

slope because the return covariance matrixz changes, i.e. there is an endogenous risk effect:

L[~ — () ™) (B (B°) —r1))i.
g [AE:(R)]i ’

(42)

myopic measured slope — myopic slope =

where v = 1 for the log investor.

As we discussed in Section {4 right after Proposition [2| the economic intuition behind
the endogenous risk effect is closely related to standard amplification effects in heterogeneous
agent models. Qf differs from Q} because all investors increase their holdings of the asset when
hedgers liquidate following the shock. The investors’ increased exposure to the fundamental
dividend shocks tends to imply an increased volatility ((27])) and increased comovement with
the other assets (Proposition . Hence, given the inverse operator, these effects tend to be
negative, making the measured slope flatter than the dynamic slope.

Note the similarity of with the second term in which we labeled as the endogenous
risk effect due to the tilt of the demand curve. Just as in our minimal example, the size of this
effect depends on the ratio of the tilt, i.e., the change in the (inverse) covariance matrix and
the corresponding change in expected returns. Both are endogenously determined. Because
of this, as we will see in our calibrated examples, the endogenous risk effect could be large

even if the change in covariance matrix (the numerator) is relatively small.

The effect of amplified intertemporal hedging. We now move on to the intertemporal
hedging components, which also differ between dynamic slope and measured slope. In par-
ticular, the difference of intertemporal hedging with respect to the Brownian shock in (40))
qn/(w?)
qn(wzl)

and (41)) gives the expressions in the next corollary, where the common terms cancel.

Corollary 2. The amplified intertemporal hedging effect is:

measured Brownian hedging in M — Brownian hedging in Cdy"](;:AEt(R%diag(x)(;:)\%i =

g (wy)

o s ht wn;g n.n
1 ey [0l — ety PR (43)
Sy [AE, (R)];
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for the Case 2 (CRRA investors) and 0 for Case 1 (log investors).

There are two sources of this difference. The first is that the shapes of the value functions
under the hypothetical and under the stressed state, that is, ¢’(-)/q(+), are different. This
effect tends to be quantitatively small in our calibration exercises, since in both cases the
value functions respond to a similar change in expected returns.

The second difference is more quantitatively important. Unlike C¥™, the general equilib-
rium effect enters M: in equilibrium, all investors react to the shift in residual demand, and
therefore, aggregate positions change from wjy; to wjy;. Each investor understands that
if others have a larger position of the asset that will increase the covariance of her wealth
with future investment opportunities. This is so, because the portfolio of investors as a group
performs well, the resulting increase in aggregate wealth implies larger risk-bearing capacity,
lower risk premia, therefore, worse investment opportunities. An investor with v > 1 prefers
assets which are a good hedge against fluctuating investment opportunities. Hence, a larger
component of y implies a larger component of §. (An investor with v < 1 prefers to cut back
on such assets to have more funds to invest when others have lower risk-bearing capacity,
hence investment opportunities are better.)

Linking the above observation back to our minimal example in Section 2] this is equivalent
to having an endogenous intercept a¢ that is increasing in investors’ aggregate risk exposure
y. Hence, a® > a", so the investor’s demand curve shifts upward@ We call it the “amplified
intertemporal hedging effect” and, for v > 1, it makes the measured slope steeper than the

dynamic slope, going against the endogenous risk effect.

Hedging against reversal effect. Finally, noticing that AJ}, = diag(x)AE¢(R), the next
corollary gives the last difference between C™™ and M due to intertemporal hedging demand
for the reversal. Again, the difference comes from the fact that our measured slope is affected

by the equilibrium change in all price paths due to the supply shock.

Corollary 3. The hedging effect against the reversal for CRRA investors is:

hedging against reversal in M — hedging against reversal in Cdy"|5:A]Et(R)’diag(x)(;:/\%t =

1 sy—1[ w4y T T30 4] _ (ony-1 q" (wf _ -
H{on [ -1 - @) Lh(w?ﬁ)(uw—d“g@“w 1] } g0 AR ()]
[AE:(R))i '
(44)

For the log investors v = 1 and ¢"(-) = ¢"(*) = ¢°(-) = 1.

28 This general equilibrium effect is somewhat similar to the standard aggregate demand effect in macroe-
conomic models; for instance, in the Marginal Propensity to Consume literature, one dollar of additional
individual consumption will translate to some endogenous increase in individual wealth, which induces more
consumption.
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It is clear that shocks to residual supply exactly recover the slope of CRRA investors’
demand only if the sum of the above three objects—endogenous risk effect, amplified in-
tertemporal hedging effect, and hedging against reversal effect—is exactly zero.

In the next subsection, through two applications, we demonstrate that there is no reason
that any of these terms should be negligible under reasonable parameter values—to the
contrary, they can be quantitatively substantial. Hence, generically, we should not expect

that shifts in residual supply recover the slope of dynamic demand.

6 Applications and Discussion

In this section we perform a quantitative study on the difference between the measured
slope and its conceptual counterpart, with the help of two applications. We then discuss
the connection between our model and the reduced-form factor-based asset demand system
in HHHKL, and the way forward given our theoretical results regarding the wedge between

these two objects.

6.1 Two Applications: Factor Elasticity and Micro Elasticity

We develop two applications to illustrate our results. These examples are deliberately set in

markedly different contexts to highlight the generality of our quantitative findings.

Factor elasticity. Our first calibration focuses on the effect of a relative demand shock
on a few large factors. To this end, we calibrate to the study of Ben-David et al.| (2021)
focusing on factor-level elasticities. Our baseline parameters are obtained by calibrating our
model to asset return characteristics and fund flow patterns in|Ben-David et al.| (2021). They
show that when investment styles are highly correlated with Morningstar ratings, changes in
fund ratings result in style-level fund flows which lead to price effects. In our calibration,
we set I = 2. We interpret the two assets as two portfolios of different investment styles.
In particular, we consider the first asset as the small value portfolio and the second asset as
the large growth portfolio. Our choice of parameters is summarized in Table [I| Panel A. For
instance, the persistence is 2 in our factor elasticity calibration, matching the approximate

mean duration of fund flowd?)]

Micro elasticity. In the second application, we are interested in index inclusion so that
the residual supply shock affects only a few assets out of many, by calibrating our model to
the recent study of (Greenwood and Sammon| (2024). Similar to our multi-asset setting in

Section we picture a market with a large number of assets with the same cash-flow risk

29See [Ben-David et al| (2021 Figure 5).

36



(A) Factor elasticity

Para. Description Value Targeted Moments
D Expected cash flow of assets [0.27, 0.26]  historical returns
o Cash flow volatility diag(0.485, 0.485) historical return volatilities
« Hedgers’ absolute risk aversion 1 normalization
~y Investors’ relative risk aversion 3 literature
r Risk-free rate 0.03 historical average interest rate
p Investors’ time discount rate 0.08 investor holdings
S Asset supply [1, 1] normalization
u  Hedgers’ endowment in normal state [0, 0] normalization
u®  Hedgers’ endowment in stressed state [0.15, 0] fund flows Ben-David et al.| (2021)
A Intensity of state transitions 0.5 persistence Ben-David et al.| (2021)
(B) Micro elasticity
Para. Description Value Targeted Moments
D;  Expected cash flow of asset i 0.0369 historical returns
o; Cash flow volatility of asset ¢ 0.0692 historical return volatilities
K Cash flow correlation of ¢ and j 0.3 idiosyncratic volatility
« Hedgers’ absolute risk aversion 1 normalization
v Investors’ relative risk aversion 3 literature
r Risk-free rate 0.03 historical average interest rate
p Investors’ time discount rate 0.08 investor holdings
Si;  Asset supply of asset i 0.0446 normalization (1/v/T)
U1 Endowment to index assets 0 normalization
vy Endowment to non-index assets 0.0107 fund flows GS (2024)
A Intensity of state transitions 0.2 persistence GS (2024)

Table 1: Parameters and Calibration Details. The table reports the parameter values used in the
calibration exercises. Panel (A) presents the parameters for the factor elasticity calibration, while
Panel (B) shows the parameters for the micro elasticity calibration. GS (2024) refers to |Greenwood
and Sammon| (2024).

with the only difference in hedgers’ endowment. In particular, suppose that in the normal

state, hedgers’ endowment for the first I; assets differs from the rest:
I I
[u"];Ly = v, [un]i:h—i-l = V2.

where v] # v9 are scalars. Our interpretation is that the first I assets are in an index. We
are interested in a shock for which [u")/Z) = [u®]/Z; while [u®], = va, [u®]; = v1. That is,
the first asset is excluded from and the last asset is included in the index. Just as in the
example of Section 4] we intentionally design this example, so that the shock itself has a
minimal effect on the structure of the economy—effectively, we only swap the labels of the
first and the last assets. However, the main difference here is that instead of focusing on

a diminishingly small, but infinitely persistent shock, we calibrate its size and persistence
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(and each of the other parameters) to a real-world example. Our choice of parameters is
summarized in Table [I| Panel B; for instance, we set the persistence to be 5 (A = 0.2), which
targets the conditional probability of index inclusion or deletion. For detailed explanations
of our calibration exercises, see Appendices and i

What do we learn from the two calibrated applications? Table [2| reports our main
calibration results. Panel A is for factor elasticity calibration while Panel B is for micro
elasticity. In each panel the colored (with bold font) column contains our benchmark param-
eterization, while the other columns show how our effects vary with the persistence of the
demand shift@ For each set of parameters, we calculate the myopic slope, the dynamic slope
and the measured slope, and decompose the difference into our three effects.

There are a number of common takeaways across the two calibrations. First, while the
dynamic slope is always smaller than the myopic slope, we find that the difference is quantita-
tively small. This is consistent with the numerical illustration in That is, whether
one considers the myopic or the dynamic slope as the more intuitive measure for investor
demand elasticity seems to have little practical significance.

Second, in all our examples, a shift in residual supply identifies a significantly flatter
demand curve than investors’ dynamic slope. In our baseline parameterizations, the measured
slope is approximately 40% of the dynamic (and myopic) slope. This is because, just as in
our minimal demand system, a shock that shifts residual supply also changes the shape
of investors’ demand function as general equilibrium effects alter the covariance of returns
and induce changes in hedging demand. The fraction decreases with the persistence of the
identifying shock (shrinking to 14% in our first example), meaning that the empirical under-

estimation of our conceptual demand slope is more pronounced when the identifying shock

3%Tn Appendix we rescale measured slope, M, to make it comparable to standard estimates of price
elasticity as in |Gabaix and Koijen| (2022). Under our baseline parameters, our factor elasticity calibration
implies a price elasticity of 1.4. |Ben-David et al.| (2021) find 0.2. The index-inclusion calibration yields an
implied price elasticity of 399, which is substantially lower than the commonly cited value of around 6250
from |[Petajisto| (2009), but still far above the empirical estimate of 2.7 reported by |Greenwood and Sammon
(2024)). On this gap, in contrast to the inelastic financial market hypothesis of |(Gabaix and Koijen| (2022]),
Berk and Van Binsbergen| (2025) argue that the classic CAPM framework is consistent with the observed
index inclusion effect once researchers properly account for the translation between price and return. To this
end, they divide the observed price change upon index inclusion by a duration of 40 years, corresponding to
the average dividend yield. While we agree with [Berk and Van Binsbergen| (2025) on the conceptual point,
we contend that the relevant duration should instead reflect the typical horizon over which stocks rotate in
and out of benchmark indices—roughly five years, according to |Greenwood and Sammon)| (2024]); [Pavlova and
Sikorskaya (2023). This shorter duration helps explain why our implied elasticity remains substantially higher
than the 2.7 estimate. These results are in line with a broader observation that we do not dispute in this paper:
that frictionless asset pricing models, in their simplest form, face challenges in rationalizing the empirically
small price elasticity.

31For each column in Panel A, we recalibrate the parameters u® to ensure that the implied expected return
shocks remain constant at AE.(R) = 0.03. For each column in Panel B, we calibrate the parameters v, v2 to
ensure that the implied expected return shocks remain constant at AE;(R) = 0.01
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(A) Factor elasticity
Persistence (1/\)
0.20 0.50  1.00 2.00 5.00

Myopic slope 3.19  3.19 3.20 3.21 3.23
Dynamic slope 3.18 3.18 318 3.17 3.17
Measured slope 2.14 1.95 1.67 1.24 0.46

Measured slope/Dynamic slope 67% 61% 53%  39% 14%
Dynamic minus measured (DmM)  1.04 1.23 1.50 1.94 2.72

Shock to risk/DmM 134% 127% 119% 112% 104%
Diff hedging brownian/DmM 34%  -27T%  -20%  -13% -6%
Diff hedging reversal/DmM 0% 1% 1% 1% 2%

(B) Micro elasticity
Persistence (1/\)
0.20 0.50 1.00 2.00  5.00

Myopic slope 9.15 8.69 848 8.03 7.85
Dynamic slope 9.14 869 848 8.03 7.85
Measured slope 6.93 6.21  5.59 4.64 3.44

Measured slope/Dynamic slope 6% 2%  66% 58%  44%
Dynamic minus measured (DmM)  2.21 247  2.89 3.39 441

Shock to risk/DmM 166% 153% 141% 129% 116%
Diff hedging brownian/DmM -66% -53% -41% -29% -16%
Diff hedging reversal/DmM 0% 0% 0% 0% 0%

Table 2: Comparative statics with respect to persistence 1/A. The table shows comparative statics
with respect to shock persistence 1/A, for both the factor elasticity calibration (Panel A) and the
micro elasticity calibration (Panel B). For the factor elasticity calibration, the colored (with bold
font) column contains our benchmark parameterization: D = [0.27,0.26], o = diag(0.485,0.485),
a=1v=3r=003 p=0.08 5 =]1,1], " = [0,0], v* = [0.15,0], A = 0.5 and w = 2.11.
The remaining columns show how our effects vary with the shock persistence, with u® recalibrated
such that the implied expected return shocks remain constant at AE;(R) = 0.03. For the micro
elasticity calibration, the colored (with bold font) column contains our benchmark parameterization:
D; = 0.0369, 0; = 0.0692, kK = 0.3, « = 1, v = 3, 7 = 0.03, p = 0.08, S; = 0.0446, v; = 0,
vg = 0.0107, A = 0.2 and w = 4.25. The remaining columns show how our effects vary with the
shock persistence, with v recalibrated such that the implied expected return shocks remain constant
at AE;(R) = 0.01%.

is more persistent. This is intuitive as a more persistent shock should have a larger effect
on the dynamic equilibrium. (However, recall that in Proposition [2| we show that the under-
measurement persists even for purely transitory shocks.)

Third, the decomposition of the difference between the measured slope and its conceptual
counterpart shows that the endogenous risk effect dominates the others. When hedgers
demand less of the asset, investors have to hold a larger share. Therefore, a shock to the
aggregate wealth of this sector will have a larger effect on its return. From the point of view

of individual investors, the assets are getting riskier and covary more with other stocks which
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decreases the slope of their demand. In fact, because the amplified intertemporal hedging
component is going against the endogenous risk effect whenever v > 1, in all the highlighted
cases the endogenous risk effect is more than 100% of the total under-measurement 2| This
share declines with the persistence of the shock ranging from 104% to 166% across our
examples.

Fourth, as intertemporal hedging is amplified in general equilibrium, this term plays
a significant role in explaining the difference between dynamic slope and measured slope.
We observe that while the direction of the effect is in line with the direction of Merton’s
intertemporal hedging, it is several orders of magnitude higher once the general equilibrium
effect is taken into account. Recall from expression that the size of this effect is mainly
driven by the ratio of the shift in the equilibrium aggregate position to the shift in expected
y°—wry"

returns: wSAEtW' In absolute terms, our results show that this effect can be responsible

for up to 34% and 66% of the total mismeasurement in our two applications, respectively.
Its absolute magnitude is especially large for less persistent shocks.
Finally, the component with respect to the intertemporal hedging for the reversal of the

supply shock tends to be relatively small.

6.2 Price vs. Return Elasticity, Time-Variation vs. Shock-Dependence

It is useful to reemphasize two issues about the scope of our main insight. First, following
Merton| (1971), our framework links investors’ portfolio share demand to asset returns, as in
; however, our point applies equally to demand expressed in units of assets as a function
of prices, the formulation most common in the empirical literature. Second, our point is not
that the elasticity matrix is time-varying, but that it varies with the identifying shock itself.
To show both, we rewrite our demand system in price—quantity units.

Let Yf denote the individual investor’s demand in units of assets—as opposed to the
portfolio share g)f—when the economy is in state &, and let Yf be the aggregate counterpart.

Then, we can rewrite the optimal asset demand in as

3 -1
N —rw
Y;g = L (Uﬁ;t + U)T(Ufﬂt + ‘7)] PE + ef, (45)
Dt v

&

where the demand shifter ef collects the remaining terms of the optimal demand; we spell it
out in Appendix
The labeling in shows how the dynamic demand curve maps to the standard formula-

32In Appendix for both of our applications, we provide calibrations with v < 1. In those cases, the endoge-
nous risk effect is responsible for less than 100% of the total as our two main effects result in mismeasurements
of the same sign.
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tion of demand elasticity estimation in empirical work, D; = & P, + e;, where D, is the vector
of investors’ demand, P; is the price vector, & is the matrix of own- and cross-elasticities,
and e; is a vector of demand shifters (not necessarily zero-mean).

This mapping sharply illustrates the tension we are highlighting. First, & in is a
matrix of own- and cross-price elasticities, and its elements, just as e;, are indexed by the
state of residual supply £&. An econometrician estimating price elasticities from residual-
supply instruments therefore faces the same problem as one estimating return elasticities:
the identifying shock moves the estimand and is correlated with the error term.

Second, the problem is not time-variation per se. If & fluctuated over time independently
of the identifying shocks, a regression would still recover a well-defined average elasticity for
the sample period, as in standard random-coeflicient models. Ours is instead a correlated ran-
dom coeflicient problem: the coefficients of the demand curve co-move with the instrument,

and averaging within the sample does not restore consistency@

6.3 The Way Forward

How do researchers move forward in light of these observations? We discuss several potential

routes.

Finding small and transitory residual supply shocks? One possibility is to focus on
economies where the mismeasurement is smaller. We show that if the shift in residual supply
is small and transitory, the difference between measured slope and dynamic (or myopic) slope
is significantly muted. However, as shown in Section [4] this approach cannot eliminate the

problem because Proposition [2| demonstrates that the bias remains even in the limit.

Adding control variables or finding separate instruments? One question is whether
carefully chosen controls can alleviate this problem. Recall the dynamic demand curve
Qf = D(E¢(RY), Ef) given in (4). Following Merton| (1971), the second argument Ef takes a
concrete form, and for illustration consider one single risky asset so that Ef = ((O'%t)2, IH Df )
are the return variance and the intertemporal hedging component. Suppose the researcher
instruments AE;(R¢) and adds controls for the volatility of the asset along with a proxy for
variation in intertemporal hedging. As we argued, if the instrument is based on a shift in

residual supply, any candidate control variables for (U%t)Z and ITH Df are likely to be affected

33This mapping also illustrates the complementarity between HHHKL and our work. HHHKL show that
under the assumption of homogeneous substitution conditional on observables, cross-sectional and time-series
information can be combined to estimate &, given instruments that shift prices without affecting & or the
unobserved e;. In Appendixwe show that locally has exactly this form—each asset has two endogenous
characteristics, its aggregate holdings and its price loading on aggregate wealth—so the HHHKL procedure
remains valid given such instruments. Finding such an instrument is itself challenging, however, because the
endogenous risk emphasized by our dynamic model responds to the very shocks that move prices.
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by the instrument itself. This leads to a bad control problem (Angrist and Pischke, 2009)).
The resulting endogeneity bias distorts the estimate of the slope with respect to expected
returns. The canonical solution for this problem is to find separate instrument for each en-
dogenous argument, that is, for (0%)2 as well as for ITH Df . If such instruments satisfying

the standard conditions could be found, the estimation would be consistent /]

A structural approach to model equilibrium adjustment? Perhaps, a more promis-
ing avenue might be to impose more structure and separately model and instrument each
argument of the demand function affected by the demand shift. Our fully solved model,
especially the demand function of our CRRA investor characterized in and the structure
of the equilibrium covariance matrix derived in Appendix offers some guidance
along this direction.

For a simplistic example, the econometrician might be willing to make the assumption

that the demand curve has the form of

i =D (@) (B (RE) - r1) ,

Ve
risk-adjusted instantaneous expected excess return

corresponding to the myopic version of the CRRA demand with some coefficient D;.
That is, for the investor, the risk-adjusted instantaneous expected excess return of each asset
is now a sufficient statistic for the joint return distribution. If this is the case, then measuring
the investors’ response in demand to exogenous shocks to this object can consistently recover
the demand curve. (The estimated coefficient D; corresponds to 1/~ under the CRRA specifi-
cation, but could be interpreted broadly as the effective risk aversion for financial institutions,
potentially reflecting limited capital or regulatory constraints rather than preferences.)

The trade-off is as usual: the structural approach requires taking a strong stance on the

form of the market environment, together with each participant’s incentives and constraints.

Why not focus on equilibrium measured slope M? Another more reduced-form route
is to step back from the view that asset markets can be seen as a demand system with classic
supply and demand curves as defined in ECON101. For instance, if the Fed wants to know the
effect on yields of buying 1 million USD worth of treasuries, they might not care whether the
estimate corresponds to any investor’s slope of demand. Perhaps the Fed only wants to know
the resulting aggregate multiplier, taking into account the equilibrium mechanisms that tilt
and shift investors’ demand curves. If this is the case, we can take the measured relationship,

akin to M(-), between quantities and prices as the main object of interest. While, the

34Gee the recent paper of Davis et al.| (2026)) constructing instruments for the variance argument as different
combinations of past flow shocks. Their work provides preliminary evidence for the negative endogenous risk
effect, in that they find a significant and economically sizable demand response to this argument.
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estimated relationship would not correspond to the quantity response of a given investor
group to a change in prices, it might provide sophisticated benchmarks for the literature on
what “canonical” models imply on this aggregate multiplier and how sensitive it is to changes
of parameters in the economy.

This perspective has a well-known precedent in macroeconomics: the literature on the
government spending multiplier. It is by now well understood that the fiscal multiplier is
not a structural parameter in the sense of Hurwicz| (1962), that is, an object invariant to
interventions. Instead, it is a reduced-form equilibrium response whose magnitude changes
with the nature of the policy: the monetary stance, the financing scheme, and the persistence
of the spending shock (Woodford, 2011; Christiano, Eichenbaum and Rebelo, 2011). In
this sense, there is no “the” multiplier (Ramey, 2019), an instance of the critique of |Lucas
(1976). Importantly, the profession has not concluded that multiplier estimates are useless.
Rather, as argued by Nakamura and Steinsson (2018)), such estimates are best viewed as
identified moments: causal effects of one particular intervention that do not transport to
other policy environments, but that sharply discipline the set of admissible structural models.
The measured slope M(+) can play the same role in asset markets. An estimate obtained from
index inclusion, say, is the equilibrium price response to that particular intervention, with
its specific persistence and investor composition; extrapolating it to a different intervention,
such as a large-scale asset purchase, requires a model. Its value lies in disciplining that model.

For this route, Appendix [E] provides some guidance. Taking the index inclusion effect
studied in Section as an example, we illustrate that the magnitude of M(-) depends
critically on two model ingredients: the calibrated persistence parameter of the demand shift
induced by index inclusion or exclusion, A, and the equilibrium wealth share of investors, w.
The former is closely related to the duration effect emphasized by Davis et al| (2023)) and
van Binsbergen et al.| (2025) (see also footnote [30]), and the quantitative effect of X is shown
in Table [2 The latter is closely related to the intermediary asset pricing literature |[He and
Krishnamurthy| (2013)); note that the calibration of w should also take into account that not
all non-index investors trade actively, hence the effective wealth share of investors might be
higher than what our baseline calibration suggests. We also refer interested readers to the

calibrations in our companion paper, He et al. (2026)), for a more detailed discussion.

7 Concluding Remarks

Measuring how investors would react to exogenous shifts in expected returns, or its mirror
image, how returns react to changes in quantities, is crucial for a wide range of policy-relevant
questions. Standard finance theory, however, implies that the slope of investors’ demand is
an equilibrium object: it depends on the endogenous dynamics of future asset prices and, in

particular, on the covariance structure of returns. We show that exogenous shocks to residual
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supply, the instrument the empirical literature relies on to trace out demand, move exactly
these objects. The shock tilts the demand curve through the endogenous risk effect and
shifts it through the amplified intertemporal hedging effect, violating the exclusion restriction;
neither effect vanishes when the shock is small or transitory.

Calibrating the model to a factor-elasticity and an index-inclusion context, we find that
the measured slope is roughly 40% of its conceptual counterpart, with the bulk of the gap
attributable to the endogenous risk effect. Demand curves may thus be considerably steeper
than standard estimates suggest. Looking ahead, we see two promising routes: instrumenting
each argument of the demand function separately, or stepping back from structural interpre-
tation and treating the price response to supply shocks itself as the object of interest. In the
latter case, the challenge to external validity has to be acknowledged and addressed: a route

we pursue in the companion paper [He et al.| (2026).
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Appendix

A  Proofs

Notation. The proofs distinguish several closely related quantities — three notions of in-
vestors’ holdings, hedgers’ holdings, and supply; we collect them here to fix notation.

Symbol  Object

investors’ demand, as a share of their wealth

investors’ wealth-scaled holding (demand per unit of wealth)
investors’ holding, in units (used in the HHHKL comparison)
hedgers’ holdings, in dollar value

hedgers’ holding, in units

asset supply (vector); in the symmetric example S = s1, s scalar
covariance matrix of percentage (per-share) returns

covariance matrix of dollar returns

HRmnO ™~ <

Jé jump in the price vector between states, Jf = P[g — Pf
& (w) risk-premium function, P¢(w) = D/r — n&(w)
x", %, " normal, stressed, and hypothetical value of any variable

A.1 Proof of Proposition 1] and Proposition

We first solve the hedger’s mean-variance problem, then set up the investor’s dynamic prob-
lem and its HJB equation, which yields the generic demand in terms of the value function.
Specializing to log and CRRA utility in turn, we conjecture the value function, match the
drift and diffusion (It6) coefficients to pin down the marginal value of wealth, and impose
market clearing to obtain the equilibrium price ODE and the demand decomposition. For
the log utility case, we also specialize the demand to the A — 0 and A — oo limits.

A.1.1 Hedgers’ Problem and Demand

We first consider a hedger’s problem. Let Qg = diag(Pf)_le denote the hedger’s asset
holdings in units when the economy is in state £ € {n, s}. From time ¢ to ¢t + dt, the hedger’s
change in wealth is given by

dv§ = rotdt + QT (dDy + dPf — rPfdt) +utTdD.
Using @ and @, we have
dvé = [rvf + QT (D + b, — rPE) +ufTD|dt

.
+ [(o—}it +0)Q% 4+ out| dBy+ QST JEANE.
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Thus,

E:[dvt _ )
(O] = rof 4 QFT(D 4 iy — B+ 2SI 47D, (A1)

Var; (dvt
artd(tvt) = [ fT(O'%t + O')T + ungT] [(o’fjt -+ O')Qf + guf] + )\g(QfTJf)2 (AQ)

Substituting (A.1) and (A.2)) into the hedger’s mean-variance objective and taking first-order
condition yields

D+ ply = 1B 4 XTf = o (0 0) [0y + 0) Q5 + 0] + 0TI TR =0
Rearranging yields

D+ %, —7P; + MU}
(0%

-1
Q5 = {(U}it +0) (0%, +0)+ AgJEJtST} { — (oh + U)Tgué}-

(A.3)

Note that ,u%t = diag(Pf)_l(D—HL%t), U%t = (aét%—a) diag(Pf)_l, and J}%t = diag(Pf)_lJf.
Then from (A.3)), Xf = diag(Pf )Qf can be written as

,u%t —rl+ )\ngpbt
«o

—1
Xf = [Qf + )\gJI%th;r] [ — (U%t)Tau£ ,

where Qf = (o%t)—ra%t.

A.1.2 Investors’ Problem: HJB and Generic Demand

Let uﬁf denote an individual investor’s time ¢ wealth when the economy is in state £. Let
Yf = diag(Pf)*lwf @f denote the individual investor’s corresponding asset holdings (in units).
The investor’s wealth ﬁ)f evolves according to

diot = ritdt + Y (dD; + dPf — rPSdt) — édt

et . . (A.4)
- [rwf — &+ YD+, — rpf)} dt + VT (0%, +0)TdB, + V& JSANE.

Let wf denote the aggregate wealth of investors at time ¢, and let Yf denote the aggregate
counterpart of Yf. Then wf follows

dwt = [rwf — E+YET(D + i, — rPf)} dt +VE (0%, + o) TdB, + YT JEANE. (A5)
The individual investor’s problem is to choose the optimal consumption and asset holdings

{éf, Yté} to maximize their discounted utility over intertemporal consumption, subject to the
wealth dynamic (A.4]) while taking prices Pf as given. Let Vf(wf, wf ) denote the investor’s
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value function at time ¢ in state £&. The investor’s HIB equation is

pVE = max{ (@) + Vi w’§+2V£w( WET ’”’£+V£u§”§+2V£w( )T g

&Yf (A.6)
Va1 Ta e XV -V

where V¢ stands for the value function Vf(wt , wt) while the superscript + on V=1 denotes
that the value function is evaluated after the jump, that is

Vet = v (af + 0 wf YT

Moreover, ufj’g and o, & are the drift and the diffusion of the individual investor’s Wealth wt,

while ¢ and ot

(A.4) and (A.5),

are the drift and the diffusion of investors’ aggregate wealth wt From

u:f’f = riof — & + Y (D + i, — P,
76 = (U%t + J)Yf»

s e = = rwf — ¢ + Y (D + iy, — 1P,
8 = (0%, + o)/

The first-order condition with respect to consumption implies that

() = V.

w
Similarly, the first-order condition with respect to asset holdings implies that Yf satisfies
0 =VE(D + ply = rP0) 4 Via(ohy +0)T (0, + o) (A7)

F VS (05, +0) T (0%, + o) VS + 2V ST UL,

Rearranging the first-order condition (|A.7)), we can write the individual investor’s asset de-
mand as

7 = V(05D 4y — )+ iy ae e g
(~Via) " (~Via) (Vi)
where we define II{ = (O‘%t + J)T(Ufjt + o). By definition, §5 = % dlag(Pf) and y; =

u%f diag(Pf)Yf. Then (A.4) can be rewritten as

dit = robdt + by (de - rldt) ~&dt

ET N . AEAET AEAET LEAET
= [(1—ytE 1)rw§—c§+wfyf /J,Rt]dt—i—wfyf (U%t)TdBt—i-Unyf Jf%thf.
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Similarly, (A.5)) can be rewritten as
duf = |(1 =y Orwf — 6 + wfyf |t + iy (05,) T By + wiyf 5N

And from (A.7), we have

¢ Vi E\—1,, € Vi e e Vot e i
U = - () (uh — 1) + WYy AN — () Jp
wt(_véw) wf(—Véw) wf(_véﬁ,)

Ve %3
_ 95 :ng —rl 4+ A&Jf + Dw ,wfyf
P V€ )( i) ( Rt Rt> af (Ve )

1V ST —vE
et O TN

o)

A.1.3 Equilibrium ODE System and Demand: Log Investors

A log investor maximizes

E; [/too e PT=t) log éTdT:| ,

(A.8)

subject to the wealth dynamic (A.4]). To facilitate solution, we let ;Ef = }A/f /wf and z; =

Yf / wf. Then the investor’s wealth dynamic becomes
dit =ritdt + 0528 (dD; + dPS — rPEdt) — éSdt.
Substituting @ and @ into the individual investor’s wealth dynamic yields
it = [ruvf — &+t T(D + s, — rPf)] dt +f5ET (0%, + o) TdB,
+ @t s JEANE.
Similarly, the investors’ total wealth dynamic aggregates to
dw$ = [wa — &+t (D + ,u%t rPg)] dt + wézt (o*th +0)"dB;
+ w2 JSANE.
The investor’s HJB equation is

W ww
& 5 2 2

SAHCAIERAR DN U v4>},
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where

D A A T
b4 i 8T D =,

(A.11)
5 (o8, + o) 6
w, T
0 = (D 4y~ r ).
o, wé — (afgt + U)szf. (A.12)
We conjecture (and later verify) that the investor’s value function takes the form
. 1 N
Vﬁ(wf, wf) = ;log wE + qg(wf). (A.13)

Substituting (A.13]) into (A.10]) yields

log w; + pgt(w;) =

U | i 1
max {logcf—l- gﬁ‘t W€ — Q(Ut ,E)T w,§_|_ 5/( 5),&;”’54‘§q£/'(w§)(0f’5)—r0?’§
&5t P 2p(wy)

1
+ )\5[ log (wf + u?fsz(P P5)> é(wf + wf ET(P P£)> - EIOgUAJS - qf(wf)} }

(A.14)
Taking the first-order condition with respect to consumption yields
11 _,
& puy
Thus,
& = put. (A.15)

implies that 3¢ satisfies

Taking the first-order condition with respect to the investor’s wealth-scaled asset holdings
S :

0 =(D + pip, = rPf) = (0, +0) T (0}

N(P7C — Pf)
Pt

1+ 5P~ Pf)

Rearranging, we get

_ (P — PY)
D+ i, — 1P = (0%, + 0) (0%, + )25 — 1+§ﬁp* ;ﬂ’ (A.16)
t t -4t

Then

~ Hé‘)fl(P—E _Pﬁ)
26 — ()" YD + ub —rP£<+A5(t t L) AT
(I)~( Hpt ") 1+2§T(Pt_§_Pt§) ( )
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From (|A.17)), since yt dlag(Pé)

E—1 7€
NP NP e () JThy
U = () (pp —rl) + X —Tr

+ 97 T,

X (A.18)
= (Qg)_l <M§%t —rl+ )‘éjlg%t) + )‘é(Qf)_l ( £T € 1) Jf%t'
T+g; Jpy

Derivation of ODEs. Note that éf = zf , cf = cf and ﬁ)f = wf in equilibrium, then (|A.16]

implies

D+ i, — rPE = (0%, + o) (05, + o) 26 — N(PE — Ff)
Pt t Pt Pt t 1+Z§T(P £ Pf)v

(A.19)

and from (A.15)), ct = pwt Substituting into the HJB equation (A.14) yields

) 1
pqt(wf) =logp+ = P [T —p+ 5 (D+ i, —?“Pf)}

+ {’(wf)wf [r —p+ z (D + upt - rPf)}
1 T
+ 50" (W) (w2 (oh, + ) (0h, +0)
+ )\’5[ tog(1+ 2T (B¢ = P) +q ¢ (wf + wizf (B = B)) —a*(wf)].

Note that w 5 has all canceled out. Thus, we have verified the conjectured value function

. Usmg the fact that zt = zf, we get
1
pa (wf) =log p+ [¢¥ (wf)uf + p] v = p+ 2 (D + pfy, — )]
1 17 ¢t
gD @E? = 5T 05+ o) (0 o)

06 [Ctog(1 + 2T (€ = PO+ (wf + uf=fT (P = PD)) = ¥ (wf) .
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Using (A.19),
P (wf)
1 T
=togp+ (¢ (wf)ui + | [r = pt =T (05 + 0) (0 4 0)of

T, e
B [qg/( £ }} XNz (P =P)
pl14+ 27 (P - P

3

17 17 7
+ 5|1 @) — e (o5 + ) (0 + 0)ef

1 _
X8| tog (14 2T (A6 = P S (wf s (77— ) - df ().
Collecting terms, we get

] 1
pa (wf) =log p+ [ (wf)wf + ;} (r=p)

_ 1 L7 er
+ [0 @ + 50 W) h)? + 5| (05 + ) (0h + 0)ef

1 _ __
+ )¢ [; log(1 +sz(Pt £ Ptg)) +q 5(wt5 +7~U§Z§T(Pt ¢ Pg)) q‘s(wf)

I\ ET(p¢ _ pt
. (f’(wf)wf%—f) Zt 5(Tt — t)£ i|
l+z (P —F)

(A.20)

Substituting the investors’ aggregate consumption cf into the total wealth dynamic for

investors, we get

dwf =uwf [r—p+z (D + sy — rPf)}dt%—wt £ (0%, + o) TdB, + w2 JEANE.

The investors’ total wealth wf and the state of the economy &£ are the two state variables
in the model. Thus, the risky assets’ prlces in state £ must be functions of the investors’ total
wealth in the state, that is Pg Pg(wt) Let

ﬂl"’g =wf[r—p+2 (D +pp, — 7P, (A.21)
w8 = (0%, + o)zt (A.22)

By It6’s lemma, we have

1
aPf =iy P (wf) + 5(51%) T3 P (wf) | dt + PY () (31) T B,

+ (¢ = PN,
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From (|A.21)) and (A.22)), the drift of the risky assets’ prices becomes

_ 1, -
i P (wf) + 5 (67T 6, P (wf)

T/ A L eT
= wfr = ot 2T (D + iy — PO P () + 2T (0%, + 0) (0, + 0)2f P (wf) (uf)?

)‘ngT(Pt_é - Ptg)

_ ET, & T(€ 3 PRIV
= {r—p—i—zt (0p,+0) (0p +0)zp — - P~ (wp )w;
1+ 257 (PC = P
1 et
+ 52 (0 +0) (0, + o)z P (wf) (wf)?
€T p—€ _ pt
= [r— — Nz (B F) ]PE’(wf)wf
Ltz (P = Ff)

1
2 (05 + 0) (05 +0)2f | P (wf)uf + 5 PV (wf) (wf)?).
The diffusion of the risky assets’ prices is

61" P (wf) T = (0 + o) zwi P (wf) T

The risky assets’ prices are conjectured to follow the It6 process @D By matching coeffi-

cients, we get
= RS E,

while u%t and agt are respectively given by

§ETP—§_P5

3 _[ ANozp (B t)}ng &\ ¢
Hpy =|r—p— — (wi)w
o L+ 2 (P75 = P) o

1
2 (05 + ) (05 +0)2f | P (wfuf + 5 P (wf) (wf)?,

and
.

O = (05, + ) zpwi PY (wf) T

From (A-24),
.
(051 +0)2f = (0 + 0)2p P (wf) T 2w + 025
Thus,
[1— P(wf) 2pwf] (0 + 0)2) = 0%
Then
ozt

1— Pf’(wf)—'—zfzuE .

95

(A.23)

(A.24)

(A.25)



Equation is the standard price—wealth feedback loop: a Brownian shock moves the
price, hence investors’ wealth which hits the pricing kernel, hence the price again; the factor
1/(1 — P¥ (fwf)Tszf) sums the resulting geometric series. Note that in any equilibrium
with continuous P¢ and finite return volatility, 1 — Pg’(wf)—rszf > 0; this is because the
expression equals one where the feedback vanishes (when w; — oo, the model collapses to
the frictionless Merton benchmark without endogenous risk, so asset prices equal D/7; see
Kondor and Vayanos| (2019)), and in the relevant region of state space this expression cannot

cross zero, since at that point (A.25) admits no solution@
Substituting (A.25)) into (A.24) yields
¢ _ oz PY(w)) wf
TPt = W) T 2wt
1 — P (wg) T 2y wg

Adding o to both sides yields

o2 PY (w;) wi + [1 = P¥(wp) " 2fut]o

3
opyto= A.26
: - P e
Let
6% = o2 PY (W) Twt + [1 — PY(w}) T 2fudlo. (A.27)
Then
&8
O+ 0 = t (A.28)

Substituting (A.25)) into (A.23]) yields

T,y

_ )\gzt{;‘ (B ¢ _Ptg) }Pg'(wf
L4z (P7S = Ff)
szsz

[1 = P& (wp)T 2w 2

Wiy = [7’ —p )y

1
| P wf)uf + 5P ) (wf)?)

Thus

D+ ,u%t — rPf

- Xzt T(p¢ - PE

=D —rPS(uwb) + [r—p— Zth( tﬁg tg }Pg'(wf)wf
l+z (B> —F)

szEzf

[1 — P& (w;) T zpw;]

1
S|P st + 5 P ) ()2

35Technically speaking, just as in [Kondor and Vayanos| (2019), we have not ruled out the existence of a
solution where this expression is always negative; this class of solutions potentially corresponds to the divergent
branch of the feedback loop, in which investors’ wealth would fall on good cash-flow news about their own
portfolio.
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From (A.19), and using (A.25)) and (A.28), we have

~ET 7
D+Mf _,r_P§ - Uf O'Zt5 _ /\f(Pt g_Ptf) (A 29)
Pt t = S . .
[1— P Tfus2 14257 (P ¢ — Pf)
Hence,
5 Xz (P - P
o= erita) - 2 ey
142z (P —Fp)
ETs €
o 22 & (E Vil 1 L e (o 52}
TP R e g P ) ) (A.30)
&fTazf )\f(pt—ﬁ _ Ptg)

_ b '
[1— P& (wf)T2fwf]?2  1+z (P° — Ff)

The equation (A.30]) follows from the investors’ first-order condition and It6’s lemma. More-
over, from ({A.29)) we have

2 ' 2 Az (PE - P
L G ,
[1— P¥(wf)Tzfws]? 142 (P = FY)

o
21D+ s, —rPf) =

Since there is a measure one of symmetric hedgers, the aggregate risky asset holdings by
hedgers at time t in state £ are given by

D+ i, — P+ NJ}

” — (afpt + o)Tng

-1
Qf = [(O’%’t + a)T(af;.t +o)+ )‘gjtgjtg—r} {

_1{ i
a1 — P& (wf) T zpwf]

— — _1 —
AN PPTE P {- P)

Nz (P~ PY)
1+ 2 (P ¢ - P)

+D—rP5(wf)+ [r—p }Psl(wf)wf

~ET
ao’f ous

szEzf _ }
1— P& (w)T28us )

+
[1— PS(w$) T zpw;

[Pt o 5P i)

Market clearing requires that

Qf—i—Yf:Qf—szwf:S.
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That is,

AET A€
Oy 0y

o
al[1 - P& ()T 2fwf]

p— — _1 —
AN PPTE - PTY {- P)

I O 1))

+ D — rPé(wt +[r—p— ]Pglwgwé
(wi) 14257 (P7¢ = Pf) (v (A.31)
Ty € 1 56T g
oo | PO ubuf + 5P ) uf)?] - e
[1— P& (wg) 2wy ]? 2 1 — P& (wg) " Zpwg
=5- szf.

The equation (A.31)) follows from the market clearing condition.
When the economy switches from state & to —& at time ¢, the investor’s wealth jumps

from wf to w, ¢ according to the following fixed point condition
w; ¢ = wt + w2t (P = PP). (A.32)

Substituting (A.32)) into (A.30]) yields

)\fwt_g_wf
_ 3
D—rPsuwl) + |r—p— 7%_“2 P (wpwg

wj

szEzf
[1 — P& (wp) T 25wy
5t oz XN(P7C— P
[1 — P& (wp) T zf w2 wtoo

[PE s + 2 PE () wf)?] (4.33)

Furthermore, substituting (A.32)) into (A.31) yields

—£ 3
)\E Wy Zwt

D —rPS(wi) + |r—p— ——2— | P¥(w})uw;
Wy
wy

sz Z‘zf
[1— P& (wf) T zfwj)?
~of o' o7
[1— P&(wf) T zfwf]?
a&f—rmﬁ
L= P(wf) T2 w;

TR 1 1 (08 (wb)2
[P (wy) i +5P (wi)( t)] (A.34)

F NP = PR = POTH(S — 2fuf)

— NP P,
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Combining (A.33)) and (A.34) yields

6f oz NPt~ P)
[1— P& (wf) T2 wf)? wp
Wy
T oE(q £, €
= 2% i 3 Ztgwtg) a)‘g(Pt_E - Ptf)(Pt_f - PtE)T(S - zt&wf)
[1— P¥(wy) " 2y wi]?
CYOA'ETO'U,g I3 —£ 13
]
1 — PY(wp) T 2wy
Rearranging yields
(1+awt)st 02t — a6t 65S B a6t out
[ — P& (wf) T zjwf)? L — P (wp) Tz wy
1 (A.35)
=X || = =1 | (7" =P +a(P7* = PP = P (S — zjuf)
t
w;
Note that
687025 = wtPY (W) 28T 828 + [1 — wi P (wh) T 25]28.
Hence, (A.33) simplifies to
2\ wf&gwf e
D — rPS(ws) + r—p—# P (0w + “t 25 P (w8) (w?)?
(uf) | P ¢ e PO )
wy
_ Sz N(PE — Ff)
1— P& (wd)T 25w w; ¢
w;
(A.36)
Moreover, q‘f(wf ) is the solution to the ODE (|A.20)), which can be rewritten as
1 _
log p-+ [ (wf o + - = p) = pa(wf)
ETs. 8
1 1 z; Xz
+ |2 wfyuf + 5 (wh) () + 5 i
t/7t g tIAT 2p001 - PE’(wf)Tszf]z (A.37)
¢

1 € 1
w _ — L
A | o (U; ) 78w 6) - 3 (uf) - (2 (wf)uf + ) 2
t

The investors’ wealth-scaled asset holdings zf are determined by ([A.35)), while prices
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Pf(wf ) and hedging demand g (w;é ) are solutions to the ODEs (A.36) and (A.37).

Summary of the ODE system. Define

D

né (wf) =

- P4(uy).

Then the investors’ wealth-scaled asset holdings zf satisfy

(1+ awf)&f—razf - a&fT&fS a&f—rauf
1+ wfﬂﬁ’(wf)Tsz 1+ wfﬂg’(wf)—rzf

—£

1

w _ _ _

= ¢ [(wt S )P = Pl = PO = PT(S = fuf)|
t

where

67 = —wiozpn® (wp) "+ [1+ win® (wf) T 2¢]o,
P — P = (wp) — 7 (w; %),

The functions 7¢ (wf ) and q5(wf) are solutions to the following ODEs

A (=t — b €T ¢
rwf(wf) —|r—p- A, " — wp) ﬂgl(wé)wg - B 715"(1115)(11)5)2
t —£ L)t § €1 (8T 2512 LA
Wy 2[1 + wym® (wg) " 2]
_ T2 X[ (wf) — 7w ®)]
1+ whré (w728 wf; 7
Wy
and
_ 1
log -+ [0 () + | — p) = pa(wf)
1 1 2Tt
+ [ whuf + S ) wh)? + 5|
2 T 200 [k wfn (wf) TR
1 w, e, _ 1\ w;, ¢ —wh
X6 | og (“e) 4 g€ (w ) — g (wf) — (@ (wf)uf + - ) = =0,
p wy P w,
Moreover, the following fixed point condition must be satisfied
_ T _ _
wp = wf = wiz " [7f(wf) = 78w )]
The endogenous percentage return variance-covariance matrix is given by Qf = (O‘%t)TO'%t,
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where O'%t = (O'%t + o) diag(Pf)_l. Then from ({A.26]),
0f = diag(Pf)_l(U%t + J)T(U%t + o) diag(PF) !

|
oz P(wp) Twp || oz PY(w)) Ty
1 — P (wp) T 25wy 1— P& (wp) T 25wy

= diag(P*) ™" |o + diag(PF)~".

Thus, the variance-covariance matrix exhibits a factor structure and depends on the endoge-
nous state variable, the investors’ total wealth wf.

Limit cases with A — 0 and A — oo. The log investor’s optimal portfolio policy Qf

is given by (A.18). Our setup focuses on A" = 0 and A\* = \. Since we define E;(R¢) =
Et(de)/dt = u%t + AgJEt, we can then rewrite g]f as

1
£ (0b)-1 3 £0éy-1 3
¢ = (QF) <Et(R)—r1)+)\(Q) E— (A.38)
t t t 1+ yAfTJEt Rt
It is immediate that in state n,
gr = ()7 (E(R") —r1).
Similarly, when A — 0, the investor’s demand in state s is
lim g5 = ()~ (By(R*) — r1).
A—0
7 T 1
—— (QF)" " (AJ3,) on the right-hand side
1+:&?TJ;“( t) ( Rt) g

of (A.38), because the equilibrium expected returns AJ3, = E;(R*) — u%, are bounded, we
know that J3, = (AJ3,)/A — 0 as A — oo. The scalar prefactor therefore vanishes while
(Q5)~Y(\J3,) stays bounded, so the second term converges to zero (for a single asset this is
verified explicitly via the e = 1/\ expansion in the proof of Proposition . Therefore

Move on to the second term which equals —

g7 = () (By(R%) = 11),

lim
A—00
and we have proved the claim.

A.1.4 Equilibrium ODE System and Demand: CRRA Investors

We now consider the case with CRRA investors. A CRRA investor maximizes

00 Al—y
E; [/ e_p(T_t)%dT} , (A.39)
. —
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subject to the wealth dynamic (A.4]). The investor’s HJB equation can be written as

Al—vy
C.

&gzt (A.40)
+ Vi) T AV vf>},

where p; w,g Jf) < ,ui”’g and o}’ £ are given by (A.11))-(A.12).

We conjecture (and later verify) that the investor’s value function takes the form

~EV1—y
R i,
Ve, uf) = o) G (A1)

Substituting the conjectured value function into the investor’s HJB equation (A.40]) yields

wf 1—v f
pqg(wf)L = nga}g {L

A, — A7 ’y -~ i A7 T A7
- T ) @) T = Gt b)) TN o) T

2

N e e WD) e T we g 66 w60 T we
+4q (wt)iyﬂt + q (wt)f(at ) oy A g (wg) (@) (o) oy

1 1—7
€ T ) MR S PITT e 0D" 1)
! (A.42)
Taking the first-order condition with respect to consumption yields
()7 — () =0 (A.43)
Thus,
& = ¢t (wl) 7t (A.44)

Let éf = fff / wf denote the investor’s optimal wealth-scaled asset holdings at time ¢ if the
economy is in state £. Let zf = Yf / wf denote the investors’ aggregate wealth-scaled asset
holdings. Taking the first-order condition, éf satisfies

0 =g (wi) (@) ™7 (D + iy, — rPf) =74 (wf) (@) (0 +0) (0, + 0)2
+ ¢ (W) (@) (b + ) (o, + 0)fu

t
)
T/ p— T p— -
+ASqE (wf +wief (P = PO))[L+ 2T (P7S = PO (@) (P - PY).
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Rearranging, we get

S ¢ ¢ T ¢ e W) ¢
D+ pp, —rP; =y(0p, +0) (0p, +0)% — : w; (
XN (il 2 (P - P (P - BY)
gL+ 2T (P = PO 7

-
Opy+0) (U%t +‘7)zt£

or equivalently

1 _ 1¢%(wh)
56 _ €y—1 ¢ 3 q t), 8 5
z; =—(11 D+ puy, — 7P, — Wy
¢ ’Y( i) ( Pt v)+ ’Yq’f(wf)
)

N g S (wt + w2t (P ) =1t pt
e e e LI

where IT5 = (afgt + O‘)T(O'%t + o). Since §> = diag(P%)2%, then

N 1 _ wg
3 =205 1, — 11+ 65 + 2L E)w
v (wt)
X ey [a S (wi(1+ ygTJE ) ¢
+ *(Qt) ET € —1 JRt'
Y gE(wi)[L + g5 " T5,]

Note that 2; = zf, éf = cf and ’uﬁf = wf in equilibrium, then (A.45) implies

& (b
~ > (wy)
D+ i, — rPf = [7 qﬁ(wg) wﬂ (0%, + o) (0%, + o)z
t
NG (wp[L (P - PO (P - )

¢t (wf)[L+ 2 (P S = Pf)D

Let

I (wf) = — i((;‘f; wj, (A.46)

Then, the above equation can be rewritten as

D + H%t - Tptg =F5(w§)(a§;t + U)T(Ufgt + a)zf
MNg=S(wi1+ 2 (P = PP = ) (A.47)
— _ .
GEWd[L + 25T (¢ — PO
Moreover, from (A.44), the investors’ total consumption aggregates to cf = ¢ (wf)fiwf.
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Substituting it into the HJB equation (A.42)) yields

()17 g (wf) T ()
Pt (wf) S T

1-—
() (@) [r = g (w) T+ 5T (D iy — )]

v AENT1—y €T N
= 5 d i) (@) 75 (0, + o) (ohy + 0)2

NG T ¢
) wf[r = ¢ (wf) ™ + (D + iy, — )]

1L ¢ (wf)l_ €\2 €T T € ¢

+ q (w ) 1_ (wg)~2; (UPt+U) (0py +0)z
— T

+q€'<w§>< 0! tht "0, +0) (05, +0)

L TP PRI g (i)

1—7 11—~

+ A8 S (w1 + 2T (P = )] |
( )

Note that wtl ~7 cancels out on both sides. Thus, we have verified the conjectured value
function (A.41)). Using 25 = 25, we get
t t
pg* (wf)
1y
= ¢ (wf) 7+ [o¥(wduf + (1= )] [r = ¢ () + T (D + ufy, - rP)]
1 T
+ 5 [0 ) wh)? = 7 (1 =) (wf) + 201 = g (wuf] o T (0h, + 0) (0, + o)

A8 g (wf L+ =T = PO+ 2T (1 = PO = ().

(A.48)
Using (A.47) and dividing both sides by qg(wf ) and rearranging, we find
e et ¥ (wp) ¢ €6 L e €T, € T £ 3
¢ (wg) 7 + {qf(wf)wt +1_7} [7'_‘1 (wp) 7 +T (wt) z (o +0) (UPt"i‘U)Zt}
¢
_ T/ p— T/ p—
_ [qé’(wf) w41 }Aéq Swill+2 (P = POD= (B =P
£(uf) E+ T (B~ PP )
R . 1) E e AOX B
-1 =)+ 2(1 —~ wy|zp (0p,+0) (0%, +0)z
2L g (wf) ¢f(ug) T e
—&0,& 1 T P*f _ P5
+>\§|:q (wt[ + 2 ( t t )])[1 +ZfT(Pt—§ B Pti)]lf'y B 1} =
¢t (wy)
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From (A.46),

¢ € ¢ (wf) gt (wp) — ¢ (wy)? ¢*' (wy)
I (wg) = €01 62 €€
q (wt) q (wt)
_qf”(wf)wg +q§’(wf)2 ¢ ¢ (w))
- t t .
g (wy) ¢ (wy)? ¢ (wy)
Thus,
e, & &r(o,6
¢ (w ¢ (w
(W) (4812 — (1 = )+ 2(1 = 7) L2

¢é (wf) ¢ (wf)
_[qg”(wf)wg_qf’(wf) wf)}wng {qg’(wf) e 17, ) e

Ewh) ' ) t t gwh)
= — I¥(wf)wf + T¢(wf)? — T (wy).

Substituting into (A.49)) and subtracting r from both sides, we get

FDt 1]ty

}%@mfﬁﬂ PEsT (Pf = P)
¢+ (P = PP
4 o[- Ty + D) — T8 wf) + 21 - TS @) (05, + o) (05, +0)2f
+xp%w%+£135<§m
g (wy)
= [aff) ™ — | T8 () — [T uf — TEwf) + TS W) (0, + o) (0 + )5
ef D8(ui)zf (B ° = P) + g S(wi[L+ £ (B = P)]) _
4 ¢ (wi) L+ 2 (PF = PP !

1

p—r=dawf) T —r+|

erd® (wf)
- [qf(Wf) witlon

1+ 2T (RS = P 1]

(A.50)

Substituting the investors’ aggregate consumption cf into the total wealth dynamic for
investors, we get

dwf :wf [7’ - qé( g) v+ Z (D + MPt - rpg)}dt + wt th(U%t +0)'dB, (A51)
+wszE T JEANE.

The investors’ total wealth wf and the state of the economy & are the two state variables
in the model. Thus, the risky assets’ prices in state £ must be functions of the investors’ total

65



wealth in the state, that is, Pg P&(w ) Let

i = wf [r = gt @f) 7 42 (D + iy — )], (A.52)
¢ = Ufpt + U)szf, (A.53)

which are the drift and the diffusion of the investors’ total wealth wf after substituting in the
investors’ optimal consumption and wealth-scaled asset holdings. By It0’s lemma, we have

1
AP =[P (wf) + (3176 T3 P ) | dt + P ) (51°4) T d B,
+(P% — Pf)dNy.
From (A.52) and (|A.53)), the drift of the risky assets’ prices becomes
1
i P (wf) + 5(317%) T3 P ()
_1 _
= wi[r = (W) + 2 (D + ply — rPF)| P (wf)
2
- T
= [ — S ()T 4 TS ) (0% + )T

(
g (will+ 2 (B - P s (Pt -
qi(wt)[ +Z€T(P - té)

L eT
+ o2 (0%, + 0) T (0%, + 0) 2 P (w) (w})?
1
L

agt + O')Zt

2] P

]’y

L eT
52 (0 +0) (o5, + o)z P (wf) (w])?

P¥ (wpwj

- T T
[ ) - Mg~ (will+ 2 (P = PP))= ' (P ° Pﬁq
- t T _
g (w1 + 2 (P* = )
- 1
2T (05 + 0) (05 + 0)2f | T (wf) P/ (wfuf + 5 P (wf) (wf)?),
where the second equality follows from (A.47). The diffusion of the risky assets’ prices is
51 P (wp) " = (0%, + o) zpwi P (wp) T

The risky assets’ prices are conjectured to follow the It6 process @ Thus, by matching
coefficients, we get

Jt - Ptga
while ,u%t and a%t are given by

_ T, T,

e [ eoect NaS(will4 2 (P = PN (B =P e e ¢

Hpy = |T q (wt) v ¢ 3 T —£ & P (wt)wt
¢ (wp)[1+ 2z (P~ — P

T 1
2 (05 + 0) (05, + )2 [T () P (s + 5 P (wf) ()2,

(A.54)
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and
Uf?t (UPt + o)z wi P (wp) " (A.55)
From (A53),
(Uf-"t + U)""tg = (vat + U)prgl(wf)Tszf + azf.
Note that Pﬁ’(w )ngwf is a scalar. Thus,

[1— P& () ] (0%, + 0)2f = 025,

Then
(05 +0)2f = & (A.56)
o o . .
Pt & 1— P¥(w ) szf
Substituting (A.56)) into (A.55)) yields
e _ ngpﬁf(wf)'rwf
T PO ) Tapu
Adding o to both sides yields
S g oE P >T P [ = PYw)) Huilo
i SR
Let
68 = o2t PY (W) Twt + [1 — P (w}) " 2twf]o. (A.57)
Then
¢ of (A.58)
0p +0 = . A58
Pt 1-— P5’(wf)Tszf
Substituting (A.56|) into (A.54)) yields
&~ &T & _ & _
,u%t = |r— qg(wf)_% - il ( [1 +§2 Sil T 5)]) (Pt )]ng( ) f
gt ()1 +2; (P = PR

szsz
* 3 £, 812
11— p{/(wt)th wy |

[Ff(wf)Pf’(w Jw + Pﬁ”(wf)( 52 }

67



It is thus immediate that

D + u%t - 7”Ptg

- T — T _
Mg=S(will+ 2 (P = PP)]) = (P = PY)

_ € EV=> IS
= |r—df(w) 7 - ! | P (o
| t ¢+ 2 (P = PP YR (AB9)
%52 e Evper € & Loen evo el | m €0, &
e e [T ) P/ (wfuf + 5 P (wf) (wf)?] + D = rP(uf).
From (A.47) and using (A.56) and (A.58), we have
A~ _ T — —
Dyl ot = Dwhoflosf  Ma€(ilt 4 (P PON(R S~ F)
t — T — :
1 — P (wf) T 2w} ? gt (wi)[1+ 2" (P = PP
(A.60)
From (A-59) and (A-60),

P (wp w§

[r— () 7 - g S (wi[L+2; " (P = PO))=f T (PF — Pfﬁ
t EwH)1+ =T (- PP

ETv 6
o 2% [ £ (wE) PY (wE)wk + - P () (w' 2} > €t
IS (w;) P (w;)w; + =P (w;) (w +D—rPs(w;) (A.61)
[1 _ Pgl(wtﬁ)'rztgwfp ( t) ( t) t 2 ( t)( t) t
Té(wf)osTozf Mg S(ui[l+ = (B - PO - F)
= _ .
[1— Pﬁ/(wf)"l'szfp qi(wf)[l + Zf (Pt §_ Ptg)]w

The equation (A.61]) follows from the investors’ first-order condition and It6’s lemma. More-
over, (A.60) implies that

szEzf
(L =2 PY(wp w2
_ T/, T/
_ Xq 5(wf[1—|—zf (5 ¢ —Pf)])zf (5 ¢ _Pté)
— .
¢t (wi)[L+ =" (P7F = PP

T, =
Zt6 (D + /ﬁ?t - TPE) = Ff(wf)

(A.62)

Since there is a measure one of symmetric hedgers, the aggregate risky asset holdings by
hedgers at time t in state £ are given by

D+ %, —7P; + MU}
(0%

3

— (0%, +0)"

0u5 .

(A.63)

—1
Qf = (U%t + U)T(U%t +0)+ )‘gjtgjt{r} [
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From (A.56)), (A.58)) and (A.59) and using the fact that Jt = PE,

~8T A8

o; 6 1
Qf = { t 1 + NPT - PP T} { (P76~
[1 o Pg/( )ngwtg] ( t t )( t t
3 &r 3 3 3 3
b ) - Mg S (wi[l+ 2 (P = PPz (P - P )}sz( )6
¢ i) 1+ T (Pt — Py wi
¢*(wy)[1+ 2 (B )] A64
§T38 ¢ e e 1 e ¢ . (A.64)
L L [Fgw P (w$w + =P (wt)(w 2}+D—rP£w
et e [T Pt 5P ) (uf)
B a&fTauf }
— P¥(w;) T zpuwf
Market clearing requires that
Qi +Y =Qf +zuwj =S (A.65)
Combining (A.64) and (A.65) yields
l{ of o FAS(PE - P (S —Pﬁ)T}_1 NP7 - P
[1— P¢(w )T 3 5] ¢ t t t t t
T/ p— T/ p—
€0, 6\—> Xoq~ (wf[l—i—zf (Ptg_PtE)])Zf (P =P €10 &, €
+ |r—q(w;) 7 — z Tt z P (wy )w;
¢*(wp)[1+2 (P> =P
€Ty € . (A.66)
z _
+ Lo T8 () P (wh)wt + =P (wh)(wt)?| + D — rPS(wh
[1_PQW®T4wﬂJ () P/ (wf o + 5 P ) (f)?| (wf)
a6$ out ¢
- t } =95- szt.
— P&(w )T & f

The equation (A.66) follows from the market clearing condition.
When the economy switches from state £ to state —& at time ¢, the investor’s wealth

jumps from wf to w, ¢ according to the following fixed point condition

w; s = wt + w2t (P — PP). (A.67)

Substituting (A.67)) into - A.61) yields

§_ ¢
= 1 )‘gq ( 5)%76%
D —rPé(uf) + [r — ¢ (uf) 7 — ] P
(s w; v
¢ (w ) ()
t
£y 6
* [1 — Pgl(wf)ngwf]Q [F (wt)P (wt )wt + 2P (wt)(wt)
Té(wf)ot Tozf Mg S(uw (P - FY)
a €1 (&) T 5E 0612 —£ :
1= Pl Tzl ¢¢(ui) ()
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Furthermore, substituting (A.67) into (A.66) yields

e wb—ut
S I (T b
D —rPf+ [r—gf(uf) ™ - e | P wf
q*(wg )( uif )
bR e a4 P )]
[1— P (uf) T 2fuf]? 2 (A.69)
8T 28
= of e e AT = PR - PHTH(S — <fuf)
[1— P (wy) T 2wy ]?
Oéé'f—l—a"u,5 I3 —¢ 13
¢ (6 T 25 e AT B
1— P (wy) " 2w
Combining (A.68) and (A.69) yields
T¢ (wf) “fTo—zf NS (w (P - B
wé T.412 =€
(L~ wf P9 ()T 2] ¢ (wi) (e )
56T 56 £,8
_ gy (S_tht) &p¢ & (p—¢ T £, &
_[ ng’( )T 5] + al (Pt _Pt)(Pt _Pt) (S_tht)
a6t out
t — - )\ﬁ(p—f _ Ptﬁ)
tpgl(wt)‘rzt
Rearranging yields
1IN ) + awf] gTazf — aaf a(a_laf)S oa%f—rau£
[1 = wi P9 (wf) 22 L wiPY(wf) T
qu(w—g) (A?O)
- Af{ [—t (P P+ (P PO(PTE - PHT(S - szf)}.
<(uf) (Mg )
W)\~ e
t
Note that

05 = wt L 02 Ep (w ) +[1- wagl(wf)Tzf]a.
Thus,

687025 = wiPY (w$) 28T 828 + [1 — wi P (wh) T 25]328.
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Then, (A.68]) simplifies to

L Mgy e
D—T‘Pg(wf)qL [r—qﬁ(wg)_? — _gw‘ ]Pgl(wf)wf
¢ (wf) (2t )
t
N 455 per by = D@DTE Mt )P - B
21— wfPY(wf) A2 1— wi P (wy) T2 ¢ () (U )
Wy

(A.71)

Moreover, ¢ (wf ) is the solution to the ODE (A.50). Using (A.56)), we can rewrite (A.50)) as

_1 T
@(wr) 7 e D]~ Df(w)) +T8w))? %5
p—r ! 2(p—) [1— wf P¥ (wp) T 22
—€£_ € IV A.72
N6 TS M 1)y ) (A.72)
r — ~1} =1,
— ”
P ¢ (wf) (P )
t

The investors’ wealth-scaled asset holdings zf are determined by (A.70]), while prices P¢ (wf )
and hedging demand qg(wf ) are solutions to the ODEs (A.71)) and (A.72)).

Summary of the ODE system. We can define Fé(wf) = g - P5(w§). Then, Pg’(wf) =
—7¥(w) and P (w$) = —7(wt). The ODE (A.71)) becomes

Neq € (uy €) 2

§Ts .6 ¢y, & §\2
_1 w zp Lzpmd(wp)(wy)
rrt(wf) — [r = gt (wf) 7 - e K L o e
qf(wf)(ut]f ) 2[1 + wym (wy) ' 2]
o THwTE X () (wp) - (w®))
= —& :
L+ wfm(wf) T2 g€ (uf)(Mee )
Wy

The ODE ({A.72)) becomes

1

Ty T

@) 7 e e DY)~ D) £ TEw))? = Ba

p—r t 2(p—1) [+ wire (wp) T 2]

—£_ & _ _

A [ (i) =2 —— + 1] (w, %)
T N ~1} =1,

- T

P ¢ (wf) (e )
t
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Moreover, (A.70)) can be written as

[Té(w$) 4+ awb)ss ozt — a6t (o 16%)S B a6t ous
[1+ wim® (wf) T4 L wir () T2

—&/,,—¢
[ ] g€ pE) (P — PEY(PE — PEYT(S — 25
Hq%wf)(“’fw | /

wg
Here,
5 = oS )T + 11+ ufn ) =lo
£r(,.6
¢’ (wy)
Fg(wf): - é f
q*(wy)

Moreover, the following fixed point condition must be satisfied

_ T _ _
wy® —wf = wizp " [78(wf) — 7wy ®)).

Variance-covariance matrix of percentage returns. As in the case with log investors,
. . o € ENT ¢
the endogenous percentage return variance-covariance matrix is given by Q; = (aRt) O hts

where o%t = (of;t + o) diag(Pf)_l. Then

05 = diag(PS) Yo%, + 0) T (65, + o) diag(PF)

.
ozt P (w) Tw$ ] [a o2t PY (w$) Tw$ (A.73)

= diag(P°) diag(P%) .
B 7 T P oSt 1 o) otug | T

The variance-covariance matrix exhibits a factor structure and depends on the endogenous
state variable, the investors’ total wealth wf.
O

A.2 Proof of Proposition

Based on the derivations for Proposition [1| and Proposition [5| and specializing the ODEs to

the one-asset case, we find that investors’ aggregate wealth-scaled asset holding zf satisfies

(1+ awt)o?zt — ac?S ac?ub
(1478 (wf)uwpz]2 1+ 7€ (wf)wfzp
€ £ _ ¢ =€ _ 82
:)\5[( wfg 1) at: z éwt —f—oz(S—wfzf)(iwt 3 gwt> }
Wy Wz W 2
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The functions 7¢ (wf ) and (jg(wf) are solutions to the following ODEs

3

—£ 1
w, > —w 1 oz 2
rrf(wf) = |1 = p = N | (wfuf — 5 L | 7 () (wf)?
w, 14 & (wp )w; 2
ey — A.74
Lot erwd) ) (A.74)
L+ 7 (wf g 2 e
w;
and
1
log p+ | (wfyuf + ;} (r — p) — pa* (wf)
1 1 o2t 2
+[(IS’wEwS%-fq{”w5 w£2+fH L }
(wy Jwg B (wy ) (wy) 20011+ ﬂg’(wf)wfzf (A.75)
1 wi ¢ L _ N N w ¢ —wt
X8| log (P ) + @ () = @ (wf) — (@ (whhuf + 5 ) =] =0,
P wy P wy
Moreover, the following fixed point condition must be satisfied
wy® —wf = wizp [t (wf) — 78w, ®)]. (A.76)
From (A.27) and (A.28) and specializing to the one-asset case, we get
£ 4 (2 o
Op+o0= = .
¥ (wiwizp 1+ 78 (wf)(S - Q)
The second equality follows from the market clearing condition fwtzf =5 - Qf. Then
¢ af;t +o o (A77)
Opy = = = . .
PP [ m¥(wd)(S = QDI — m (uy)]
Note that in the one-asset case,
-1rD & _ Pf )\fjf
Qf = (o5, + o + N (] [T R (of L oyout]. (ATR)
a

Suppose that we are standing at the after-shock state £ = s. We want to analyze the
asymptotic behavior at \* = X\ — oco. Let € = 1/A. Expand the function 7*(w) according to

7 (w) = 7 (w) + emy (w) + ma(w) + ...

where higher-order terms have been omitted. Suppose w; = w, then from the fixed point

condition (A.76]), we have

n
w —



For small €, we have
W = w— (S — Q) [7"(w) (W} — w) — em(w) — Ema(w)],

which implies

S — Q7
TrG—onw)

w = w [71(w)e + ma(w)e?].

When A — oo, wp — w and 7" (wj') — 7°(w). Hence, in the limit with A — oo, (A.17))
implies

(0p¢ +0)°2 = D + ppy — 1P + AJ;,
where A\J; is bounded away from zero, and (A.78) becomes

Q= ——(5 - Q)) — —T—u' = —— (5~ Q}) — [1+ 7"(w])(S — Q"

S NS
Qwy opy t o0 Qwy

Rearranging yields

5 _ 1+ 7% (w§)S]u®

s o o0 A.79
@ 1+ mlbf — 78 (wy )u® ( )
Similarly, in the normal state,
S nl(,n n
Qn o awy [1+7T (wt )S]u (A 80)
t 1 n (a0 \om ’
I+ oap =7 (w)u

As X\ — oo, the two states share the same wealth and price function (w; = w = w and
m° = n" = 7, established above), so Qf differs across states only through u¢. Differentiating
with respect to ué yields

90 1+ L 4+7w)s

oué N [1 4 ﬁ _ W/(w)ug]g' (A.Sl)

Notice that from (A.79) and ({A.80)),

{1 + i — w'(w)uﬁ] Qi = — — [1+7'(w)S] ub.

Hence,
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Substituting into (A.81]) yields

0Qf _ 1+ (w)(S— Q)
out 14+ L —r(w)ut’

where the numerator equals o/ (afgt + o) > 0 while the denominator is positive. Hence,
Qf decreases in uf. Consequently, QF < Q7 for u® > u™. By , with common 7(w),
5y = a/{[1+ 7 (w)(S — Q5)][2 — m(w)]} and it is immediate that 0%, > ol,.

Note that AE(R) = up, + Mg, — 'y, that is

(opy "iU)Q(S - Qi) _ (opy "iU)2(S_ Q?)

w3 (2 — 7 (wf)) ap (2 — 7 (wpr))

AE(R) =

Writing Y4 = § — Q5 and using 0%, + 0 = /(1 + 7 (w)Y%), AE(R) = 25 [f(Y®) — f(Y™)]
with f(Y) = Y/(1 + 7'(w)Y)2. Note that f'(Y) = (1 — 7' (w)Y)/(1 + 7'(w)Y)?® > 0, since
the numerator is positive as 7/(w) < 0 and the denominator is positive by the condition after
and Y* > Y". Thus, we have AE;(R) > 0 at A — co. Moreover, E;(R*) —r > 0 since
a risk-averse investor holds the risky asset only at a positive premium. From , ﬁ —
m < 0 with E¢(R*)—r > 0 and AE;(R) > 0 gives M8 (w}; u™, u*) < C8(w}; 0)|s=AE,(R)-

We now take the local limit v®* — u” after taking A — oco. Let A = v* — u”. From
the preceding argument, as A — oo, we have w;'” — wj = w, 7°(w) — 7" (w) = w(w), and
7 (w) = 7 (w) = 7'(w). Thus, as u® — u", the relevant limiting price and price-loading
objects are common across states. Let Q(u) denote hedgers’ asset holdings in the A — oo
limit, that is

- ' (w)S]u
oy = B TS

1+ L —w(wyu

Differentiating gives

) — 1—|—$+7T’(w)5
Q) = [1+$—7r’(w)u]2.

Thus, by Taylor expansion around u", we get
Q* - Q" = Q(u")A + O(AY). (A.82)
Since Y¢ = S — Q¢, then
Yo YT = —(QF - Q") = —Q (WA + O(A?).

Next, using the limiting expression for return volatility, we get

1+ 7 (w)Y (u)]P

ORt
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Thus,

P — 1+ 7 (w)Y (u)]?
Rt
In the numerator of ,
1 1 P?

o) " opE = o7 (L @)Y = [t ' (w)Y)
_ 2p?
=T

[1+ 7" (w)Y"]7 (w) (Y = Y™) + O((Y* —Y™)?).

The last equality follows from Taylor expansion around Y. Since (A.82)), then

2
(o-fit)Q - (O_}_L:;)Q — _2; [1 + ﬂ’(w)Yn]ﬂ-/(w)Q/(u)A + O(A2) (A83)

That is, the numerator is first order in A.
Now consider the denominator. In the same limiting economy;,

O'2Ys O-2YTL
wP[l+ 7(w)Y52  wP[l + 7 (w)Y"]2
o? 1-7a(w)Y™ . , o
= WPA Y ) O =Y (A.84)
B o2 1—71'(w)Y"
~ wP[L+ ()Y

AR, (R) =

Q'(w)A+O(A?).

Hence, the denominator is also first order in A.
Combining (A:83) and (A53),

1 1
05?7 2wP3 147 (w)Y")?*

I = :
woun AEy(R) o 1wy ") <0

A.3 Proof of Lemma [1] and Proposition

We focus on the following limit, which proves the first part of Proposition [} Lemma [I] and
the second part of the Proposition are obtained as intermediate steps along the way:

(e o) @@ -
Y [AE, (R)],

(1 0) )+ g2 ) (1= 0% (5 0 F () 5+ 0) < 0
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where m > F(w;) > 0 and F (w;) > 0 are scalar functions defined by ODEs, and

P,,w; and 7 (+) are the limits of Pf,wf and 7€ (-) for both states £ = s,n. Here s,v and o2
are the scalars of the blue/red example of Section where S = 51 and ¥ = ¢I; the next
Lemma, in contrast, is stated for the general multi-asset economy with supply vector S.

We start with the following Lemma which is based on results in Kondor-Vayanos.

Lemma A.1. When A*, \" — 0, the price is

szg—ﬂg (wf)Z(S—i—uf),

the expected return has the form of
Ei(R®) — r1 = diag (Pf)il (D + ,u%t — rPf) = diag (Pf)il B¢ (wf) P (S’ + u§> ,
the investors’ equilibrium position has the form of
o o) (5+49).
and the inverse of the return covariance matriz has the form of
(Qf)_l = diag (Pf) »~! diag (Pf) — F¢ (wf) diag (PE) (S + u£> (S + u£>T diag (PE)

where ¢ (), F& (-), B¢ (*) and G¢ (+) are scalar functions depending on the vectors u and S
only through the terms (S + u5)T by (S + uf) and (5 4 uﬁ)T S,

Proof. With A°, \™ — 0, our model is equivalent to the positive supply, short-term hedgers’
version of |[Kondor and Vayanos (2019, Section 6). Expected return is given by |Kondor and
Vayanos| (2019, (6.1) in Proposition 6.2) which is, with our notation,

D + /~‘§3t - TPE = B¢ (wf) X (S + u£>
where
1
al L
5 (uf) <wf >

wt = 5 T ><
a—l—#—kaﬂf’ (wt) (S+ut) XS
t

T om'g’(wf>
X 1_<S+u§> E<S+u§)a+£§+aﬂ5’<w§)(5+u5)—r25
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and ¢ (wf) solves

a? S—l—ufTE S + u 1
(Sed) PO (Caor () (= )™ ) n s uf + 7€ (uf)
2 [a + L+ aré (ws) (S + uf) " ES]
Wy
v a¥(wp)
_ a(wf E(w 5)) (A.85)

a+ # + amé (wh) (S—Hﬁ)—r »S’
t
with boundary conditions

7€ (0) = g, lim 7¢ (w;) = 0.

T wt—r 00
We import several results from Kondor and Vayanos (2019)); we first record the corre-
spondence with our notation. Their asset-price function S (w;) = £ + g (we) X (s + u) (their
equation (42), written in their notation) corresponds to our P5 LDzt (wt> 2 (S +ud):

their s +u is our S+ u¢ and 7¢ corresponds to —g. Their coefficient of dynamic risk aversion

Alwy) = - — q((wt)) (their equation (19)) collects the static risk-aversion and intertemporal-
hedging terms that, in our parameterization, enter through = and ¢! (wf) Their price-

impact diffusion og; = ) ou S (w) T (their equatlon (TA94)) corresponds to our

oa—i—A(wt)—F

U%t, and their arbitrageur position y; = u (their equation (23), with multi-

T Awn)—Fan)
asset counterpart (IA148)) corresponds to our Yf. The function F'(w;) appearing in these
expressions is their hedgers’ value-function component, unrelated to our F¢ above; for the
short-lived hedgers it vanishes, so F’(w;) = 0.

Kondor and Vayanos (2019, Theorem 3) implies that 7 (-) is monotonically decreasing.
For Hg, the proof of Proposition 7 (their equation (IA94)) in Kondor and Vayanos| (2019)
gives, in our notation,

T S+ ub
0’§3:— alﬂgl(wf>bt<5+uf) Y, by = J( u) 7
Cadt 1+%ﬂ'5’<wf)(5+uf)TZS
ar-e

w

so that, substituting b; and collecting terms,

a%t = F¢ (wf) J<S+u5) (S—{—ug)TE

with

P (uf) = —ar (uf)

wy .
o+ ﬁ + an¥ <w§> (S +uf)' ©8

Note that the same denominator, o + + an® (wt)(S + uf)TES, the feedback factor of
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Kondor and Vayanos| (2019), is common to BS, F¢ and G¢ below, and serves as a consistency
check across these expressions.

Then, writing o5, + 0 =& (T+ F¢ (wf) (S +u) (S + 1) " %) and using 0 Tor =,
15§ = (0%, +0) (% +0) =
= (148 (uf) 2 (5+8) (5 0) ) 2 (1 26 (u) (5 06) (5+) )
= ¢ (uf) (£ (uf) (5+0) "2 (5 0) 2] 3 (s 4+0) (54 06) =4
where the quadratic term collects the scalar (S + uf) ' % (S + uf). Defining
P (uf) = £ (uf) (£ (uf) (5+45) "5 (5 0) +2) -

—ant’ (wf) —ant! (wf)

%+a(1+w€/ (wg) (S+u5)TES> ffJFa(Hﬂ& (wf) (S+uf)TZS)

wt

-
(s+u) m(s+uf)+2
we have simply
€ 76 i
I = F¢ (uf) 2 (S +u) (S+uf) =43
where F¢ (wf) is a scalar. For the inverse, note that by the Sherman-Morrison formula

Y lpp Tyl

-1
> T) —yl o2 W
< v 14+ vTE1y

Picking
o F ()

-1 _
gives (Hf) =(Z+ vv') " and

14+0TE 1y

* () T
_nl . (wf) s T— (S+u€) (S+u£)

Introducing the definition

(o)

)E 1+ F¢ (wf) (S +u)T (S + uf)

F* (wf
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and using the definition of Qf gives that the inverse of the return covariance matrix has the
form of

(Q§) ' diag (Pf) »! diag (Pf) _ F¢ (wf) diag (PE) (S n uf) (S n uf)T diag (Pf) .

Finally, (Kondor and Vayanos, 2019, Equation (IA148)) gives equilibrium positions with the
choice of F' (w) = 0 as

-1
Yf: a = (a%—i—a) O'(S+U£>.
a+ ﬁ + ar® (wf) (S +us) XS
t

Left-multiplying by o " (af;t + O') and noting that aTa%t = [¢ (wf) by (S + ug) (S + uf)T 3,

<F§ (wf) = (5 +u) (5+u£)T2+Z> yé =

«
= a+%+aﬂ'§l (w§> (S+U£)TESE (S-f-ug).
wy

The matrix on the left is invertible and maps S + u¢ to the vector ¥ (S + ug) scaled by the
constant 1 4 F¢ (wf) (S+ uﬁ)T (S +ub), so

Yf =G¢ (wf) (5’ + u5>

with

¢ (vf) = ot e+ an¥ (wf) (S +u6) TS 1+ FE (wf) (5 +u6) T T(S +uf)
wy

which is the stated form. ]

We now return to the proof of Proposition First note that in our example u® is
a permutation of u”, so (S +u®)' T(S+u®) = (S+u")' T(S+u") and (S+uf)' BS =
(S +u")" £5. Hence the Lemma implies that 7€ (-), F¢ (-), B () and G¢ (-) are the same
functions in the states £ = n, s, and in the rest of the proof we omit the superscript & on
them. Moreover, as ¥ = ¢?I and S = s1, the expressions below are scalar, with s denoting
the per-asset supply.

We are interested in

(@)™ @)™ @& () —r1)]

1

a linear combination of the terms {(Qf)fl - (Q?)_l] y with weights [E; (R°) — r1],. So con-
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sider first

-] - (2

2
- —7r(wf)a2(s+U+AU)) <012 —F(wf)(s+v+Av)2>
D 21
~(Fornean) (- FEn o),
Hence, to a first order we have

(2=
(@ -] ~ (€

11

(we) o® (s + v)>2 (712 — F (wy) (s + U)Q)]
Oowy
9 [(D

(wf — wi!

)+

ov

We first show that the first term is of order (Av)?. The jump in wealth is the revaluation of
Wy

2
—r(w) o (s +0)) (& = F(w) (s + U)2>]
Av.
the position ¥;” held when the state switches, so

wf = 7T (B = P = Y7 TS (= () (S + u®) — (=7 (wf) (S + u™)) =
= G (w]) (—7 () (S+u") | DS +u) = G (wf) (— (w})) (S +u™) | B(S +u") =

G (wf') (=7 (wf)) 0 (A0)* + G (wp!) (=7 (w])) = (=7 (w]))) (S +u") | £ (S +u")

(asset 1), so that (S +u™)" ¥ (u*

n
where the last equality uses that u®—u"™ has a single entry Av (asset 1) and a single entry —Auv
the mean value theorem there exists w; € [w}, wf] such that

u") = o2 (s +v) — (s + v+ Av)] Av = —02 (Av)?. By
and solving for w; — w}® gives

m(wi) — 7 (wy') = 7' (@) (wi — wy'),
el — G (wi') (= (wy))
LN 11 G ) (S+un) (S +un) ! (i)

o? (Av)?.
This proves Lemma [1] and it implies that in the first-order calculations below we can replace
wy and w; with their common limit w;. Hence,

0 %—7‘1’
[@n™ —@n] ~ [(

v

(w0 5+ 0)" (& = F () (s 07)]

Av =
—2P; (F (wy) (s +v) P, — w (wy) (F (wy) (s + v) o2 (s+v) — 1)) Av.

To sign this expression note that at the Av — 0 limit (S + uf)T S (S+ub) =0 (s+ v)?,
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so that, using F (w;) > 0,

B 021 (s +v)* F (wy) B 1
1+ F(w) oI (s+v)? 1+ F (wy) 02l (s + v)?

1—02I(s+0)?F(w) =1 € (0,1)

and, a fortiori, F (w;)o? (s +v)? < 1; this also establishes the bounds on F (w;) claimed

in the statement. As 7w (wy), P, F'(wy) > 0, it follows that [(Qf)fl — ()t " is always
negative.
Now consider [(Qf)_l — ()t y for 1 < j < I;. Just as before, the difference in wf
J

across the states contributes only at order (Av)2, so evaluating both states at the common
Wt,

(@™ @], =

— P (w) (l:—ﬂ(wt)UQ(s—l—v)) <13—7T(wt)a2(s+v+Av)> (s 4+ v) (s +v + Av) +
+ F (wy) <f — 7 (wy) o2 (s+v)>2 (s +v)?

and, to a first order,

[(Qf)_l _ (Q?)—l} . ~ 8(—F(wt)<€—w(wt)02(s+v)) (2;Z(ft)a2(s+v+Av))(s+v)(s+v+Av)) Avso A =

= —F (w) [P/} (s+v) ([Pts]l — 7 (w) o? (s + v)) Av.

For I > j > I the same limit obtains: asset j’s factor is now the (s + v + Av)-based one in
both states, which does not matter in the limit, while asset 1’s factor again differs across the

states by the same Awv shift as above. (It is also easy to see that [(Qf)_l — ()t g 0,

as the roles of the first and the last asset before and after the shock are symmetric.)
Then, using E; (R®) — r1 = diag (P7) ' B (w§) £ (S + u*), in which every entry tends to
B (w;) 02 (s +v) / P;, we obtain, to a first order,

(@™ = @) @ (R - r1)] =
= —2(F (w) (s +v) P — 7 (wy) (F (wy) (s + ) 0% (s +v) — 1)) B (wy) o? (s +v) Av—
(1= 2) F (1) (s + v) ([P); — 7 (w0) 0 (5 + 0)) B (wy) 0 (5 + v) Av =

= (—I (s +v)F (w) D — 27 (wy) (1 — oI (s+v)*F (wt)>) B (w;) 02 (s + v) Aw.

,
: ¢ €\ ost[uf]
We scale by the change in expected returns. As [Et (R ) — 1"1]1 =B (wt) o [Pg] L and
t 1
8%‘%“ = %W = %%, we have, to a first order, [AE; (R)];, = B (wy) %%A’U.
t t t
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Dividing and letting Av — 0 gives

(@ -en7) @ @) -]

Ao S0 [AE, (R)],
— _p? (I (s +v) F (wy) + %QW (w) (1 oI (s +0)2F (wt)>) (5 +v)

which is negative as F' (w;),m (w;) > 0 and by the bound established above. Dividing by ~
gives the first part of the Proposition.

-1 -1
Finally, we turn to the second part of Proposition As Qf = diag (PtE ) Hf diag (Pf)
and Hf =F (wf) S(S+ud) (S+ uf)T ¥ + X, we have

3 € 2
of] — F (uf) alstfu 11) (S£+ ) o s
7], 7],
In our example, therefore,

( (s+v+Av)?

- 5 for 1=1
%—W(w?)02(8+U+AU)>
_ (s+U+Av)(sirv) for I >i>1
O8], = F(up)ot | (Frrwnotiereran) (porwiotisro) . T
i s+u+Av)? . v
i ' T ) for I>i>10 [ (1P,
(%77r(wf)o'2(s+v+Av)>
_ (stv+Av)(s+v) for i=1T
(%—ﬂ'(wf)az(s—‘rv+Av)> (%—W(wf)cﬂ(s—i-v)) J
while
( = (s4v)* > for i=1
T—W(w”)a2(s+v))
2
(S+U)2 )2 for 1 >i>1 2
[0y, = F (w]) o' e g .
4 _ (s+U+Av)(sir'u) for I>i>1I [Pn] 2
(g, ( f)o2(s+v+Av)> gfﬂ(w")UQ(erv)) ! ( t 1)
_ (s+v+Av)(s—_l—U) for i=1T
(%—W(wf)az(s-‘rv—f—Av)) (%—W(wf)cﬂ (s—l—v))

Therefore, taking the first-order Taylor expansion around Av = 0 and using again that
w§ — w! is of order (Av)? (so that F and 7 are evaluated at the common limit w;), we have

[ @r [F (we) (s + v) D (wt)} for i=1
Alzi;rgo % =o' F(wy) 22ty for I>i>1
0 for =1

where both nonzero limits are positive as F' (w;) , 7 (w;) > 0, which is the second part of the
Proposition.
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A.4 Proof of Proposition

We work in the A — 0 limit of the blue/red economy with ¥ = ¢?I. By Lemma the scalar
functions m, B, G depend on the state only through aggregate wealth, because swapping the
labels of assets 1 and I leaves (s +uf)TX(s +uf) and (s +uf) T s unchanged. Consequently
the price, position, and expected return of any asset k are state-invariant functions of (wf ,UL)
alone; write

wile = alwi, w),  [Eo(RO)]k = e(wf, up).

Take ¢ = 1 and j = I. Asset 1 is blue (u; = v) in state n and red (u; = v + Av) in
state s, while asset I is red (u;r = v + Av) in state n. By Lemma |1} wj = w;’ + Aw with
Aw = O((AU)Z). A first-order Taylor expansion in wealth then gives

[vi —yih = a(wi,v+ Av) — a(wy,v) = [a(wf, v+ Av) — a(wy, U)] + O((A’U)Q)
= — (' — l'lr) + O((Av)?),

where we used a(wy,v) = [y/']1, a(wy,v + Av) = [y']r, and the second-order smallness of
Aw. The identical expansion of e yields

[AE(R)]1 = = ([Ee(R")]1 — [E«(R")]1) + O((Av)?).

The leading differences [yi']1 — [y#']r and [E«(R™)]1 — [E¢(R™)]r are of order Av, while the
wealth corrections are of order (Av)2. Hence

lo W™ ud) = [yzf - ?J?]l - [y?h - [y?]l + O((AU)Q) _ cross-section w: u” v
M) = AR R T B — BB+ O((Bw) i (0B,

where the two minus signs cancel between numerator and denominator. Letting Av — 0
proves lima,,_o M98 (w; u™, u®) = lima,,_o METOSsection (. qm),

O]

A.5 Proof of Proposition [6]

For an investor facing the hypothetical dividend process , we conjecture the value func-
tion, substitute it into the HJB equation, and take first-order conditions in consumption and
portfolio to obtain the wealth-scaled holdings 2 (with the log case first, then CRRA). Com-
paring these to the equilibrium holdings 2* and substituting into gives the dynamic-slope
decompositions and .

Suppose that an investor is offered the opportunity to buy any asset with a § additional
instantaneous expected return. The hypothetical dividend process is

_ b
dD!' = Ddt + o "dB; + (I — diag(x)) diag(P")édt 4 diag(x) diag(Pt")XdNth.
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Let € = diag(P;*)d. Then

dD} = Ddt + o "dB, + (I — diag(x))edt + diag(x)id]\fth.

Given the investor’s hypothetical dividend process, let 2" = f@h /Wl denote the individual
investor’s wealth-scaled asset holdings and let ¢} denote the investor’s consumption. The
individual investor’s wealth dynamic is

dwf = rifdt + WP (D + dPP — rPrdt) — ¢t
= |rwpf — e + w2t (D + phy — P+ (I - diag(x))e)} dt + Pzt (o, + o) T dBy

1.
+ 50 Wl 2hT diag(x)ed NP

The corresponding aggregate wealth of investors is
dwy' = [rwt &+ w2 (D + o, — rPt”)] dt + w2l (o, + o) dB;.

A.5.1 Log Investors

The individual investor’s HJB equation is

pVh—max {logct —I—th,ut + Vw n(oy )T ' + Vi

Ct th

Vo™ o 4 Vi (o) T AV =V

where
~h R .
i —rwf—ct +wfz€ﬁ [D+M$t—rptn+ (I—dlag(x))e],
o = (o + o),
py" = rw — ¢ 4wy ZtT(D‘FNT}ét_TPtn)»
o, " = (o + o) 7wy,
and

1 1 1
vt =y ( + )\wt hshT diag(x )e,wf) = ;log <wt + )\fwt hshT diag(x) ) + " (wy').
Here, ¢"(wj}") is the solution to the ODEs given by Proposition
We conjecture (and verify) that the investor’s value function under the hypothetical sce-

nario takes the form

1
Vi ) = - log il + ().
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Substituting into the HJB equation yields

log W} +pq" (w}) =
max {log éh + Llqu)h . ;(Uﬁ)h)Taqj)h + th(wn)uw,n n 1qh//(u}n)(O,w,n)—ro_w,n
el 2l Copdltt o 2p(af)2t P TR AT T
1 R ) 1.,
+ A[; log (wi‘ +pEt dlag(x)E) ")) - - logdy’ - ") }.

Taking the first-order condition with respect to consumption yields the optimal consumption
by the investor under the hypothetical scenario

&= pal. (A.86)
Taking the first-order condition with respect to wealth-scaled asset holdings,

diag(x)e
1+ 3207 diag(x)e’

0= D+ pp, — rP" + (I—diag(x))e — (0B, +0) (o + o) 2" +

Hence,

1

+ 1)~ di :
1+ 52hT diag(x)e( £) diag(x)e

2 = (T}) ' [D + ppy, — r P + (I— diag(x))e]

From (A.86|), the investors’ aggregate consumption is given by ¢! = pwj. Then we can
rewrite the HJB equation as

_ 1 . - .
pi" (wp') = log p + ;[r —p+ 2T (D iy — v+ (T~ diag(x))e) |

1 _
=5, 4T (ob+ ) O+ 0)3f ik | — o+ 21T (D + i — )
1
+ 50" (W) (W) (0, +0) T (0B, + 02
1 1
+ A [; log <1 + Xé’fﬁ diag(x)e) + ¢ (wy) — qh(wf)}.

Note that @} has all canceled out.
Since §i = diag(P}*)2}, then

A
+ A+ ghT diag(x)é

1) diag(x)a.

gt = ()" Wiy — 1+ (I~ diag(x))9] ()" diag(x)9

A
A+ Qgﬁ diag(x)d

(A.87)

— () iy — 71+ 0) + |

From (|A.18)), the investor’s demand in the normal state is given by

9 = () (pgy — 1)
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The dynamic slope is thus

~ho_ am.
Cdyn(wzl; 6) _ [yt Yt ]l

[6];
_l@y)tel N A B 1} ()~ diag(x)d]s

[0]; A+ 9P diag(x)d [0]
Cemetr 2oyl (Q0) 0] A @)~ diag(x)dls
=@ e+ =2 T G I

A.5.2 Log Investors: A Limits of Dynamic Slope

In Section when investigating C'°¢ for the limiting cases A — 0 and A — oo, we have
derived directly from the corresponding demand curve in Proposition |1} Does
converge to (24)) in these limits? In the limit of A — oo, it is immediate that the last term of
, or the “hedging against reversal” term, goes to zero.

For the A — 0 case, to ensure consistency we must require that x;0; = Ak;(\) for
all ¢, with an arbitrary bounded function k(\). That is, formally we are taking the limit
limy_,o CY™ (wy; A, 6, diag(8) "*Ak(A)) for convergence to (24). The idea is to match the con-
cept of C¥™ and M in equilibrium, by requiring diag(x)d = \J %, the jump component of
AE(R), to hold in equilibrium. Since limy_,o J§, is bounded in equilibrium, k()) has to
be bounded too when taking the limit of C'°8. The last component of then equals

[1+g1{”k — 1] A [(Qa;lk]i, which can be written as
_ gpTdiag()d  [() " diag(x)dl:
A+ 97T diag(x)d [6];
From (87),

T gp' diag(x)d

" Xt T diag(gp () ding007)”

g =[O (Wi — 1+ 0)]

Multiplying both sides by diag(x)d yields

BT el m T ..
g diag(x)6 = [() " (uh —r1+6)]  diag(x)d
p(\)

g diag(x)o
A+ ghT diag(x)

= [(28) " diag(x)d] " diag () .

q(N)

Then

gr' diag(x)d =

—(A—q(N) —p(N) + V(A —a(A) —p(V))? + 4p(A)A
5 :
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Then as A — 0,
g1 diag(x)8 = p(V) + a(N) = X [1(@8) 7 (1, — 71+ 8] Tk + A )R] > 0

A.5.3 CRRA Investors

The individual investor’s HJB equation is

~h\1—v
vt = s {02 4 S o) o Vi

sh zh

1
+ Vi (01" T+ Vi (o M Tgwn 4 \(Vmt — Vh)},

where
~h ~ .
i =iy — &+ apa T [D o pipy — PP+ (I - diag(x))e],
~h ~h ~
o = (op + U)%?“’??
" = rw — 4+ wpzt (D + plhy — P,
;" = (o + o)z wy,
and

(wf + xuf Ztleag( Je)'
. :

1
Vn’+:Vn(A +Athtleag( )eaw?> = q"(wy")

Here, ¢"(wy}") is the solution to the ODEs given by Proposition
We conjecture (and verify) that the investor’s value function takes the form

~hy1—y
Vil ) = o w0 0
L=~
Substituting into the HJB equation
h\1—y
)
pg" (Wit A, 6, x)(lt)
Ah\1—v
¢ . h
= {0 )@l g~ Lo s 0) @) (o) o
Ct ’Zt
~hy1— ~hy1—
1
+ qh/(w?, (9) (wt ) Iu:;u,n + 7qh//(w?; /\7 57 X) (wt ) (U;u,n)’l'azu,n
1—~ 2 1
_ ~h
+ ¢ (W A, 6, x) (@) T (o) To™"
(wf + %uﬁféf—r diag(x)e)t = h(wh 0) (i) 7] }

+/\[q”(w?) T

Taking the first-order condition with respect to consumption yields the optimal consumption
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by the investor as
1
& = q"(wp;0) vap
Taking the first-order condition with respect to wealth-scaled asset holdings,

0 =" (w"s X\, 6, x)[D + pp, — rP/" + (I — diag(x))e]
— " (W N, 6, X) (0, + o) (o, + o) 3

¢l 0) (o + o) (o + 0V + " () (141 21T ding(x)e)  diag(x)e
Then
gf=ia¢rWD+u%—rﬂ“+ﬂ—dmﬂ”k] i¢i¥$i?mf
Moreover, investors’ aggregate consumption is given by
o = g (wf) Tl

Then we can rewrite the HJB equation as

1—x 1—v
1 _ n n .
+ " (w; 0) (W) [r —¢"(wf50) "7 + 2T (D + ppy —rPM + (I - dlag(x))f)]

— 2" (w5 0)(@])' 5T (op, + o) (o + 0)2

n _hl/ n (w?)lf'y neony—= nT /1 n n
+wiq (wt§9)77[r—q (wi') 7 + 2 (D + pp—rP)

1 n\2 ht n)\ 5 (wf)l_ﬂy nlT/ _n T/ .n n

+2(wt) g (wi's A, 7X)71_,7 2 (opy+ o) (op +0)z

+wp g (Wi A, 6, Xx) () AT (o, 4+ 0) (o + o)z

(@) 7 (1 + 52" diag(x)e)' 7
11—~

n. o (@)
— " (w; ;9)11&_77

+ Alq" (wy)
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1—y

Dividing both sides by ¢"(wf; ) 2" yields

~1 2 B n I .
1—-7) [r—qh(w?;k,é,x) T4 5T (D + ppy — TP+ (I—dlag(x))e)}
n n -1 nT /7 n n
[r—q (w') 7 + 2 (D + pp — TP )}

z (U?Dt + U)T(Ugt + U)":';L

hit(,, n
" (W A 0,X) T
)ZWZ? (P +0) (op +0)zf
T (op + o) (o + 0)zf
" (w} 1. . 1—y
+A [% (1 + Xzéﬂ— dlag(x)e)

Rearranging yields
1
q"(wi;0) "

L aTiA  om n .
(1= ) [r = (w0, 8,507 + 2T (D 4 pilpy — 7P+ (1= diag(x))e) |

nqh/(w?;e) ngomy—= nT n n Sh T
S g ()7 T (D iy — B + (1= )2 T 2
q"(wy; 0)
YA =) htynan, L 26" (W} 0) 7
- 7z + 5(10?) WZ? I} 2"
q" (wf') Lopt o 1=
T3]
* q"(wy; 0) T deeboe g
Since
_ I‘"(w")&"TJz"
D+ iy, — 1Pl = T
+ ppy — Ty [1+7r”’(w?)Tsz?]2’
_ I (w)zp T8 2p
nT n n t t t
D —rP") =
2 (D + pupy — rP) [+ 7 (wp) T 2pwp]?’
- o
o o=
P )
where
oy = —wfasz”'(w?)T + 1+ wtnﬂm(w?)—rzma-
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Hence, the ODE becomes

R n.gy—= o _ h n, -1 shT Fn(wt )O-?To-ztn R E
¢ (0)7 + (=) = s 0)7 4 2T (S s o (1 diag(0)e)

nq" (w;0) 1 I (wf)zp ' Szp gloplozp
fwp L — T+ -
qummP )+ it T T e el
(1—v)  zTop'opa 1( n)zqh”(w?;H) 2 T 8zp
—(w
2 D+wmwgﬂauu2 207 gh(wp 0) [L 47 (wp) T zpwp]?
q"(wy) ShT 1=y
AM——2(1 d -1 =p.
+ [qh(w?;G)( +)\ iag(x )) } p
(A.89)
Moreover,
1 ~nT Any— n n n n n, n :
Zr{l —*(Ut—rat) I{F (wy' )O‘tTO'Zt +[1+m /(wt)th wy'] (I—dlag(x))e}

" (wi;0)
n TSN (S 2t Wy
’Yq (wt7 ’ 7X)

LA 1) o Pt o) (14 12T diag()e)  diag()e

v ¢"(wi; 0)
That is,
ht(,,mn
h ni, n q(wt;a) n|.n 1 n T n,, n2 nTn
d =[G D) S iam gy | S ) TP o) T I diag(0)e
1 " wn n n n n - :
LWy ) TP Ta) ™ (14 12T dins()  ding(y)e
v ¢"(w}; )
]
A.6 Proof of Proposition
With , we can restate as
N
Cdyn (w;z; 9) — [yt dyt ]l _ Cmyo(w?; 5)
Lrg" (wis0) g (wi)7 [yfwp]s
L _ A.90
ot {qh wy'; 0) qn(w?)] [0]; (4.90)
17 ¢"(wp) 7 diag(x)o\ = 7 [(Qp) ! diag(x)]s
MR ror G e B e

First, we show that the second component (Brownian hedging) of (A.90]) goes to zero as
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A — oo. Equivalently, we want to show that

gV (wi0) ¢V (wp)
lim — =0.
Amoo ¢M(wis0) g (w})
We only need to show that
(qh(w?;9)>' 0
qn(w?) wn '
that is the limiting ratio does not depend on wy'.
Restating the ODE (A.89) as
hy,n. gy—2 heomogn—t ot (LMo o -
07+ (=) = s 0)7 4 2T (S e o (L diag()e)
ht(,.n N, m\nT n shT AnT . n
2 q" (Wi 0) [ N | ™ (wi) 2] Xz zZ oy oz }
=~ v’ 7 — 1 _
ey T T T T D T e T
v1-v)  ETerTapat 1( ny2 q"" (wi'; ) T8z
2 [Lhav(wp)Tgwp? 20 g wp;0) [L+ 7 (wp) Ty
q" (wi') Lopt o 1=
AL (1 LT gag0e) T 1] =
T TR lag(x)e ’

Define € = 1/A. Then the left-hand side of the ODE (|A.89)) can be rewritten as the sum
of a collection of terms that are independent of € and the jump term that depends on €. That
is,

17 ¢"(wf) ( NaT 1=
o[ d ) =1 +om=p. A91
- [qh(w?;H) + ez diag(x)e +0(1)=p ( )
For small € (or equivalently, large ), we can apply the following binomial expansion

1—
<1 +estt diag(x)e) o1y (1 —~)ezl" diag(x)e + O (7).

Thus, the first term on the left-hand side of (A.91) can be written as

1 [Z”(w?) (1 +(1- 7)52}” diag(x)e + 0(52)) - 1}

e L¢"(wf;0)

When A — oo, € — 0. The only way the left-hand side of the ODE does not diverge as ¢ — 0
is that
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Therefore,

n n
lim LW _ (A.92)
A—oo g (w'; 0)
for all wy*. Thus, the limiting ratio is a constant and does not depend on w;'. Hence, we have
proved that the Brownian hedging component of (A.90) goes to zero as A — oo.
Next, we want to show that the last component (hedging against reversal) also goes to

zero when A — oco. Equivalently, we want to show that

g (wy) g diag()o\
/\lgr;o 7 (wp: 0) (1 + 7y — 1=0. (A.93)

Given y and 4,

A—00

: -
lim <1+y”dlagA(X)5> — 1.

Combined with (A.92), it is thus immediate that (A.93)) holds. Therefore,

lim CW™(wl; 0) = C™°(w; §).
A—00

B Connection to HHHKL

In this appendix, we show that the demand curve derived in Section locally has the
form HHHKL assumes. That is, the HHHKL estimation procedure, if one finds instruments

satisfying the standard conditions, still remains valid.
The demand shifter in is given by

Nq~¢ (wf + YT )

e _ wiq¥(w) e wf
t ( € (0 1 yET €
q (wt)(l—i—w—fY; Jr)

€ 3
v qﬁ(wt)

5)™" | D + p, + I (B94)

where TI¢ = (a%t + U)T(afjt + o) is the variance-covariance matrix of dollar returns and
Jf = P[S — Pf is the jump in the price vector as the economy transitions from state £ to
state —&.

For simplicity, we first consider i.i.d. underlying cash flow shocks, so that the exogenous
diffusion matrix in @ for the I assets is 0 = &1, with & being a scalar and I an [ x I identity
matrix. (We consider a factor structure for o in Section ) Following the same logic as in
in Section we can derive the endogenous dollar return diffusion matrix of the assets
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to be

€ _ o £ p&ri 6T
op, = - YF PY(wp) .
1o P ) TYE el
IxI N—— X1 IxI
scalar
Then
Y, P (wp) T

I+

of;ﬁ—az&

1 — P¥(wf) TV}
Hence, the endogenous variance-covariance matrix of dollar returns can be written as

Hf = (Uth +‘7)T(‘71€Dt +0)

o YRS )T VP (wp) T
1 — P (uf) 7Y 1 — P (uf)TYf
Y, P (wp) "

Il
Qi

-
L — P¥(uwp) Y

L — P¥(uwp) Y

Taking the inverse of Hf and using the Sherman-Morrison formula, we get

-1

—1 T
5t = L fry P P i)Yy
o2 | 1 - P ()Y 1— P (wf)TY}
1 -
= o [T YR )T [T POy
1 -
= =5 [1= PY@hH YT — YEPY )T + P (wf) TP ()Y YT

We can define the asset characteristic matrix

—[y¢ pe 5} B.95
B=|vf PYwf)| (B.95)
and the substitution matrix
_ [P PYf) 1
5sub: 1 0
o 2%2

Then it is easy to verify that

(1) = 5 (14 pEaB")
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Substituting into the investor’s individual demand , we get

'3 § &re, &
e W - wi ¢'(wp) 1 e
Vi =—L (T + BB )(D + s, — 7PF) + -4
v =g subB)( pe =R+ 2 )

— T
Nwj pea @ Swi A YET) e
+— (1) . o v i
qf(wt)<1+uigyt Jt)

Hence, holding the demand shifter e; in fixed, the price-coefficient matrix of the demand
system takes the exact form studied in HHHKL:

_ Y€ rwf -

Note that & is a partial rather than a total derivative with respect to P¢: the shifter e; itself
depends on P¢ through Jf.

In the language of HHHKL, in our model each asset has two (endogenous) characteristics,
as suggested by : its aggregate holdings by investors Yt's7 and its price loading on
the aggregate investor wealth P¢ (wf ). So far we have assumed away any exogenous factor
structure for the dividend process; if we were to assume a K-factor structure for the dividend
diffusion o, the total dimension of asset characteristics would be K + 2, as we show next.

B.1 Factor Structure for Variance-Covariance Matrix

We now add another factor structure for the variance-covariance matrix of cash flows. Specif-
ically, we suppose

S=0lo=a*T+yp"),

where ¢ is a scalar, I is an I x I identity matrix and ¢ is I x K. By eigen-decomposition,
the diffusion o can be written as

o=a(I+vAv'),

where v are the eigenvectors of ¢1) T corresponding to its non-zero eigenvalues (size I x K),
and A = diag(A1,...,A\g) where \; = =1+ ,/1+ s? where 822 denotes eigenvalues of y) .
Let A=I+vAv',sothat c =A and oo =G2ATA=1X.
The price diffusion solves the fixed point

U?Dt = (Ugt + U)KSP&(“)?)T:

which can be rearranged to obtain

-1 -1
o5+ =0 [I - YfPﬁ/(wf)T} —GA [I —YEP ()T
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Writing d = 1 — P¥ (wf )TYt{ and applying the Sherman-Morrison formula,

afgt—i—a:ErA I+

YfPﬁ’<w§>T]

Equilibrium requires d > 0. The endogenous variance-covariance matrix of dollar returns can
thus be written as

Hf = (UéPt +U)T(U§Dt +0)

T
Y§P§l ENT Yfpfl ENT
PLE | (wz) (ATA) ) (wr) '
d d
Taking the inverse of Hf yields
—1 —1
1 Yfpgl E\T pe '3 Y§T
(HE)—l == I+ t d(wt) (ATA)—I I+ (wt) t
o

By the Sherman-Morrison formula, and using d 4+ P¢ (wf )TYt6 =1, we have

-1
Yfpf/(wé)‘l'
e POy,
and similarly,
—1
P (ws)YET -
I+——2= =I- PV
Hence,
o1 _ T
(M) = = [T=¥EPY i) T (A7) 1= P v (B.96)

It remains to invert AT A which can be written as
ATA=T+v2A+ AN =T+ vdiag(s?, ..., s%)v .
Applying the Woodbury identity and using the fact that »'v = I, one can show that

(ATA)t=1- y(diag(l/s%, o185+ I)fluT

5% 3%{ T
=1 — vdiag AR > |V -
+ 57 1+ s%

Hence, we can write (AT A)~! as

(ATA T =T1+vMvT, (B.97)
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where

82 52
M = di - K =[(I+ANI+MN]"'-1
g (i o )~ [T+ A1+ )

Substituting (B.97) into (B.96]), we get
A5 = (1= P (wf)T] [T+ varnT] [T— PY )y

—T+vMv" —YEPY ()T — YEPY () TuMyT — PY(wh)YE"
— My PY(wf)YET 4+ YEP (wp) TP (wf)VET + VEPE (wp) My P ()Y

Let us define

g =[v ¥& Pof)]

Ix(K+2)
and
M —MvT P (uf) 0
M =P TuM  P¥(w)T P (w) + P& (wf) TvMyT P¥(wf) —1
0 -1 0

which is of size (K + 2) x (K + 2). Then

— ]' u u u
(Hf) 1_ =5 (I+5f ligf llﬁf llT>.

C The CARA case

We also consider the case with CARA investors. For these investors, their value functions are
independent of the investors’ total wealth w;. Thus, w; is not a state variable in this case.
An investor maximizes

—Et[ / e AT D78 dr| (C.98)
t

subject to the wealth dynamic
diot = ritdt + Y (dD; — rPdt) + YT JEANE — dt. (C.99)

Note that the asset prices depend only on the state of the economy £. That is, in a given
state of the economy, the asset prices are constant. Thus, the investor’s dollar excess returns
from investing in the risky assets become dD; — rPtEdt. Substituting @ into the investor’s

wealth dynamic (C.99) yields

it = [mf —E YD - P )] dt + VT o dB, + VET JEANE. (C.100)
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The investor’s problem is to choose the optimal consumption and asset holdings {éf, Yf} to
maximize their utility (C.98)) subject to the wealth dynamic (C.100)) while taking prices Pf

as given. Let V¢ (”Lbf) denote the investor’s value function in state £. The investor’s HJB
equation can be written as

R R 1 R R
pVE = max { =7 + VP 4 SVE () Tol S 4 A (Ve - v |,

e 2w
where
W€ = it — &+ V(D - )
02’3’5 _ Jf/;f _

We conjecture (and later verify) that the investor’s value function takes the form
Vi) = —e Mg,

where ¢¢ is a constant. The long-term CARA investor’s value function over wealth has
the same negative-exponential form as the utility function over consumption, with the risk-
aversion coefficient being ~ rather than /r. Substituting the conjectured value function form
into the HJB equation, we can rewrite the HJB equation as

o N N N
—pe 7% ¢ = max { — e e g [rz@f — &+ V(D - rPf)]

&
1 NP ~ € €T o .
_ QVZB—Wwqu}/thZth + A |: _ e—V[wf—i-Yf (P, 5_Pt§)]q—§ + e—'waqﬁ} }

Taking the first-order condition with respect to ¢ yields

which implies that the investor’s optimal consumption éf at time ¢ if the economy is in state

¢ is given by

& = rif — —(log ¢¢ +logr). (C.101)

T

~

Taking the first-order condition with respect to Yf yields
e YU GE (D — rPE) — 42 T ESYE 4 Aoy MEHYE (R POl =€ (pt _ pf)
=0.

Rearranging, we obtain the investor’s optimal asset holdings f/f as

A~

1 _ Ng¢ _ e pm _
Ve = §E_1(D —rPf) + 7‘JqTe—waT(Pt POR-1(pE — pY). (C.102)
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The investor’s individual demand can be written as

e 1o - _
VS Z;E’l[D — P NP - P
g et o _
T {queﬂth(Pt R - 1} NPT - B,

where D — rPf + )\E(Pt_f - Pf) corresponds to the investor’s expected dollar excess returns
at time ¢ when the economy is in state &.

Substituting the investor’s optimal consumption éf given by and the investor’s
optimal asset holdings Yt{ given by into the HJB equation, we have

. _ 1 .. .
—p =r(logq® +logr — 1) + 4V (D — rP*) = S4°YVS TSV
2
= T, (C.103)
Y [1 B A 5435)}
¢
In equilibrium, because there is a unit measure of symmetric investors, the aggregate
asset holdings by investors YE = Yf. Market clearing requires that

Q+Y =5

where Qf equals hedgers’ aggregate asset holdings, and is given by (A.3)). From (A.3) and
(C.102),

-1 [D —rP 4+ X(PTC = PY)
(0%

=+ AP = PP - P - Tt

) 6 gt (C.104)
_ SET o
+ ST D —rPf) + = Lo e B PO (gt By = s
Y Y q
As explained earlier, the risky assets’ prices depend only on the state of the economy &.
Hence, we can define the state-dependent constant

D

== _ ptf (C.105)
r

Substituting (C.105)) into (C.102)), (C.103]) and (C.104)), and noting that Yf = Yf, we have
the following system of equations

vE="x1af ¢ L’Eﬁe—wﬁ(w&—ﬁ)g—l(ﬂé )
gl v ¢t
and

1 -¢ -
—p =r(logg* +logr — 1) + ¥ n¢ — S YETRYE 4 A8 - O
q
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(A) reversal hedging: effect of § (y=2/3) (B) reversal hedging: effect of y (6=0.04)
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Figure D.1: Dynamic slope C and its decomposition for CRRA investors: myopic, Brownian hedging,
and hedging against reversal components. We plot the decomposition for different size and persistence
of the return shock. The parameter values are the same as in the baseline parameterization of Figure 2}
D=0415,0=057, a=1,y=3,r=0.03, p=0.08, S =1, u” = 0, and all curves are evaluated at
the mean of the stationary distribution of investors’ wealth, w = 5.03; we consider § = 0.02,0.04, 0.06

andX:O,%,l.

as well as

rré + X (né — 7€)
e

[E + X8(nt — 778 (b — ng)T} - { - Euq

£\ ag—¢ _
+ %Eflwg + ?qqifef'vytu(ﬂgfﬂ 5)2*1@5 =9

The equilibrium prices PE of the risky assets at time ¢ when the economy is in state £ are

D
PE == —af,
T

where & € {n, s}.

D The Economics of the Myopic Slope vs. the Dynamic Slope

Figure D.1|explores the comparative statics of the three parameters (return size d, persistence
1/, and reversal share y) for the two hedging components. Panel A and B of [Figure D.1
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plot the intertemporal hedging with respect to the (Poisson) reversal, which is relatively
easier to explain. Investors understand that at some point the shift in residual supply will
be reversed; when this occurs they realize a higher return, but, at the same time, their
investment opportunity set gets worse. Investors hedge this by cutting their asset exposure,
explaining the negative “reversal hedging.” Finally, it is intuitive that this negative effect
gets stronger for larger shocks (larger §) and larger reversal share (y). To the extreme of
X = 0 there is no hedging component due to reversal (Panel B).

Panel C and D then illustrate the hedging demand with respect to Brownian shocks, with
risk aversion vy > 1@ From , the sign of Brownian hedging depends on the sign

ht n n/ n h n !
sgn{qh (wfl) - qn (wfl)} = sgn (qn (w;)> . (D.106)
¢" (wy) ¢ (wp) q" (wi') ) ym
The simple expression in (D.106|) captures the intuition of Brownian hedging. If the relative

h(,,n
investment opportunities between two states gngng decreases with the aggregate state wy,

then because the asset return is positively correlated with the Brownian shock, the investor
should reduce her hedging demand of the asset with respect to (aggregate) Brownian shocks.
Now, in line with [Merton| (1971) ¢"(w}) is increasing in wj* for v > 1,while the investment
opportunity offered by the “deal” in Definition [2| features an extra expected return § that is
independent of wy'. To the extreme, when § — oo the “deal” fully dominates the stochastic
investment opportunity available in the economy and ¢"(w) becomes a constant. As a result,
" (wi)
g™ (wy')

Several additional points are worth making on the comparative statics revealed in
First, it is intuitive that when the reversal share x gets larger the Brownian com-
ponent gets smaller. Second, when A — oo, it is as if the investor received a fixed extra
return ddt on her wealth over the interval [t, ¢ + dt], followed immediately by the equilibrium
investment opportunity; hence Z:E:Z;
the zero hedging demand in all panels at the corner 1/A — 0. Third, unlike the reversal com-
ponent in Panel A, the Brownian component does not disappear as 6 — 0. Its sign follows
: under our calibration it is negative for larger shocks but positive for small ones (the
d = 0.02 curve in Panel C), so that for small, persistent shocks the dynamic slope can lie
slightly above the myopic one.

Finally, although in our calibrated applications the effect of the (two) dynamic hedging
components is quantitatively small (see the small difference between the first two rows, the

myopic and the dynamic slope, in both panels of Table , Figure D.1| shows that it can be
large for a shock that is both large and persistent.

tends to be decreasing in w, giving rise to a negative Brownian hedging demand.

should be a constant independent of w, which explains

E Details of Calibration and Sensitivity Analysis

In this part, we give details on the calibration exercises which are the basis of Section In
our first calibration, we calibrate to the study of |Ben-David et al.| (2021)) focusing on factor-
level elasticities. In the second one, we are interested in an economy where the residual

36Tt is well known since [Merton| (1971) that all else equal the sign of this component flips if v < 1.
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supply shock affects only very few assets out of many. Hence, we consider the case of index
inclusion calibrating our model to the recent study of |Greenwood and Sammon| (2024).

E.1 Fund flows and the Factor-Elasticity

In this part, we calibrate our model to the Ben-David et al. (2021)) study on factor-level
elasticities. Then, using the obtained set of parameters as our baseline, we assess how our
measures respond to a change of various parameters.

E.1.1 Baseline calibration

Our baseline parameters are obtained by calibrating our model to Ben-David et al.| (2021)).
They show that when investment styles are highly correlated with Morningstar ratings,
changes in fund ratings result in style-level fund flows which lead to price effects. In our
calibration, we set I = 2. We interpret the two assets as two portfolios of different in-
vestment styles. In particular, we consider the first asset as the small value portfolio and
the second asset as the large growth portfolio. The parameters D and o pertain to the as-
sets’ fundamentals, and govern the first and second moments of portfolio returns. We set
D = [0.27,0.26] and o = diag(0.485,0.485) to match the historical mean returns and return
volatilities of the small value portfolio and the large growth portfolio as obtained from Ken
French’s data library.

We normalize the shocks in the normal state to zero, that is u™ = [0,0]. We normalize
the shock to the second asset to zero in the stressed state and set u® = [0.15,0] such that
the model-implied difference in flows between the two assets (interpreted as the top and the
bottom styles) is about 13%, consistent with the reported style-based fund flows in Ben-David
et al. (2021). We set A\ = 0, that is the economy transitions from the normal state to the
stressed state with intensity 0 and thus the normal state is the steady state in our calibration.
Furthermore, we set A = A = 0.5 (and hence a persistence of 2 of the residual supply shock)
to match the empirical duration of fund flows as reported by Ben-David et al. (2021, Figure
5).

We set r = 0.03, which roughly equals the historical average risk-free rate. The investors’
time discount rate p governs the aggregate asset holdings by hedgers. We interpret the
hedgers in our model to include households, mutual funds and ETFs, foreign investors, etc.
We set p = 0.08, which implies that hedgers hold 59% of the assets. Finally, we set v = 3
which is taken from the literature. We normalize the hedgers’ absolute risk aversion a and
the supply of each asset to one. Our baseline parameters are provided in Table

Using the baseline parameters, we simulate the distribution of investors’ aggregate wealth.
In the baseline, the mean wealth of investors is 2.11. In our model, the hedgers’ endowment
shocks give rise to trading needs by the hedgers. As the economy switches from the normal
state to the stressed state, the hedgers wish to hold less of the assets leading to increased
expected returns. At the mean investors’ wealth level, our calibration implies an incremental
return of AE;(R) = 3%, of which roughly 2/3 comes from the reversal.

It is worthwhile mapping our measured slope to the empirical demand elasticity a la
Koijen and Yogo, (2019)), defined as the percentage of capitalization traded divided by the
price impact. In Section [E.2.2] we provide a detailed discussion of how our measured slope
translates to demand elasticity. Using the baseline parameters, the corresponding demand
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Incr. Return (AR, (R)) 001 003 005 008 0.10

Myopic Slope 3.21 3.21 3.21  3.22  3.22
Dynamic Slope 3.20  3.17  3.14 3.07 3.01
Measured Slope 1.39 124 1.10 093 0.83
Measured Slope/Dynamic Slope  43%  39%  35%  30%  28%
Implied Price Elasticity 1.50 142 135 1.24 1.17
Dynamic minus Measured (DmM) 1.81 194 2.03 214  2.18
Shock to risk/DmM 114% 112% 110% 110% 111%
Diff Hedging Brownian/DmM -15% -13% -12% -10%  -10%
Diff Hedging Reversal/DmM 1% 1% 1% 0% -1%

Table E.1: Comparative statics with respect to expected incremental return AE, (R), for the factor
elasticity calibration. The colored (with bold font) column contains our benchmark parameterization:
D = [0.27,0.26], o = diag(0.485,0.485), a = 1, v = 3, r = 0.03, p = 0.08, S = [L,1], u" = [0,0],
u® = [0.15,0], A = 0.5, and w = 2.11. The remaining columns show how our effects vary with the
expected incremental return.

Risk Aversion () 0.7 1.5 2.0 3.0 3.5 log
Myopic Slope 9.59 537 434 321 284 728
Dynamic Slope 924 530 430 317 281 7.0
Measured Slope 1.43 1.48 1.41 1.24 1.15 1.49
Measured Slope/Dynamic Slope 16%  28%  33%  39% 41%  21%
Implied Price Elasticity 1.34 155 155 142 1.34  1.46
Dynamic minus Measured (DmM) 7.81 3.82 289 194 166 5.6l
Shock to risk/DmM 97% 105% 109% 112% 112% 101%
Diff Hedging Brownian/DmM 4% 6% 9% -13% -13% 0%
Diff Hedging Reversal/DmM -1% 0% 1% 1% 2% 1%

Table E.2: Comparative statics with respect to risk aversion coefficient . The table shows compar-
ative statics with respect to the investors’ risk aversion coefficient v, for the factor elasticity exercise.
The colored (with bold font) column contains our benchmark parameterization: D = [0.27,0.26],
o = diag(0.485,0.485), « = 1, r = 0.03, p = 0.08, S = [1,1], u™ = [0,0], w® = [0.15,0], A = 0.5,
and w = 2.11. The remaining columns show how our effects vary with the investors’ risk aversion
coeflicient, with u® recalibrated such that the implied expected return shocks remain constant at
AE:(R) = 0.03.

elasticity is 1.4. In Ben-David et al.| (2021)), the empirical factor elasticity is around 0.2.
While our seven-fold difference is in line with the general observation that frictionless asset
pricing models struggle to rationalize the empirically small factor elasticity, our difference is
smaller than was perhaps previously thoughtm

3"While the exact numbers widely vary, |Gabaix and Koijen| (2022) suggest that the empirical estimates are
several orders of magnitude smaller than their conceptual counterpart.
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E.1.2 Results and slope analysis

Tables show the results of our baseline calibration and their sensitivity to various
parameters. In each table the colored column contains our benchmark parameterization,
while the other columns show how our effects vary. For each set of parameters, we calculate
the myopic slope, the dynamic slope and the measured slope, and decompose the difference
into our three effects. Implied elasticity is a scaled version of our measured slope to make
it comparable to the estimates collected by |Gabaix and Koijen| (2022)) from the empirical
literature.

Table [E-T]focuses on the non-linear effect of the size of the expected return shocks implied
by the shift in residual supply. Table illustrates the effect of varying relative-risk-aversion
of investors. Table [2| concentrates on the effect of the persistence of the demand shift [*¥]

There are a number of observations to make that are robust across our parameterizations.

First, consistent with the illustration in [Figure 2| we find that dynamic slope is always
smaller than the myopic slope. That is, Merton’s intertemporal hedging tends to make the
dynamic demand curve flatter compared to its static equivalent. However, this effect is small.

Second, in each of our parameterizations, measured slope significantly undershoots its
conceptual counterpart. In particular, measured slope is only 40% of the conceptual coun-
terpart in our baseline calibration. This fraction shrinks to 16% when investors are less
risk-averse than log. This illustrates the main observation of this paper. Because demand
shifts change the slope of the demand curve in equilibrium, the econometrician relying on
these shifts for estimating the demand slope is shooting a moving target. This calibration
suggests that this results in significant underestimation of the targeted concept.

Table illustrates the non-linearity of this effect by varying the size of the shock. Note
that the fraction of measured slope to dynamic slope is shrinking when shocks are larger
implying larger mismeasurement.

Third, the endogenous risk effect is responsible for the largest part of this mismeasure-
ment. In fact, because the amplified intertemporal hedging component is going against the
endogenous risk effect whenever v > 1, in all these cases the endogenous risk effect is more
than 100% of the total under-measurement. This share is growing with risk-aversion and
investor’s wealth and shrinking with the persistence of the shock ranging from 97% (in our
only parameterization with v < 1) to 134%.

Finally, while the GE amplified intertemporal hedging component has the same sign as
Merton’s intertemporal hedging effect, it is several orders of magnitude higher. In absolute
terms, it can reach 34% of the total mismeasurement. Its absolute magnitude is larger for
less persistent shocks, larger wealth and for greater risk-aversion.

E.2 Index Inclusion: Micro-Elasticity

In our second application, we are interested in an economy where the residual supply shock
affects only very few assets. To make this point clear, we picture a market with a large
number of assets with the same cash-flow risk. That is, all I assets have identical average
dividend D, and [X];; = 02 and [X];; = ko? and their supply is [s]; = s for all i and j # i.
The only difference across these assets is in hedgers’ endowment. In particular, suppose that

38In Tables for each column we recalibrate the parameters u® to ensure that the implied expected
return shocks remain constant at AE,(R) = 0.03.
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in the normal state, hedgers’ endowment for the first I; assets differs from the rest:
I I
[un];:l = U1, [Un]i:[1+1 = V2.

where v1 # v9 are scalars.

Our interpretation is that the first I; assets are in an index. We are interested in a shock
for which [u”]f:}l = [us]f:}l while [u®]; = vg, [u®]; = v1. That is, the first asset is excluded
from and the last asset is included in the index.

Note that we intentionally design this example, so that the shock itself has a minimal
effect on the structure of the economy—effectively, we only swap the labels of the first and
the last assets. Hence, one might expect that the shock should have a negligible effect on the
equilibrium outcome; hence, the informativeness of shifts to residual supply should perhaps
be restored. We show that this is not the case.

In this part, we calibrate to |Greenwood and Sammon| (2024), who study the measured
slope of index inclusion and deletion events. We set I = 502 and I; = 501 such that the index
in our calibration corresponds to the S&P 500 Index. Asset 1 and asset 502 switch in and out
of the S&P 500 Index, while assets 2 to 501 are always in the index. D; is the expected cash
flow of asset i, where i € {1,2,...,I}. o; is the asset’s cash flow volatility.  is the pairwise
cash flow correlation between asset i and asset j, where i # j € {1,2,...,I}. We calibrate
D; and o; to match historical return moments. We set x = 0.3 such that roughly 75% of an
asset’s return volatility is idiosyncratic (see |Campbell, Lettau, Malkiel and Xi (2001))).

As in our calibration of the factor-elasticity, we normalize the hedgers’ absolute risk
aversion « to one. We set r = 0.03, which roughly equals the historical risk-free rate. We also
set the investors’ time discount rate p = 0.08, the same as in the factor-elasticity calibration.
p affects the aggregate asset holdings by hedgers, which are interpreted as mutual funds and
ETFSs, pension funds, etc. In our calibration, hedgers hold 45% of index assets and 2% of
non-index assets. We set v = 3, which is taken from the literature.

We normalize the supply of each asset to 1/v/T = 0.0446. To match the fund flows due
to index inclusion and deletion in |Greenwood and Sammon| (2024), we normalize hedgers’
endowment shock vy to zero for index assets, and set their endowment shock for non-index
assets vg = 0.0107. These give us a fund flow of roughly 13% which is in-line with industry
research cited by |Greenwood and Sammon| (2024)). Finally, we set the intensity of state
transitions A = 0.2, which targets the conditional probability of index inclusion or deletion.
A is computed as the number of stocks included (or excluded) in a given year, divided by
the number of stocks within the band on watch for inclusion (or exclusion). We conduct
sensitivity analysis with respect to A and ~.

Using the baseline parameters, we simulate the distribution of investors’ aggregate wealth.
In the baseline, the mean wealth of investors is 4.25. In our model, the index inclusion/deletion
changes hedgers’ relative endowment shock across the affected assets, giving rise to trading
needs by the hedgers. As expected for such a local shock, the implied mean incremental re-
turn is very small, AE;(R;) ~ 0.01%. One of the main points of this calibration is that even if
identification relies on a demand shock implying tiny effects on expected returns, the implied
mismeasurement of demand slope due to general equilibrium effects is not diminishing.
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Risk Aversion () 0.9 1.5 2.0 3.0 3.5 log

Myopic Slope 3041 17.58 1254 7.85 6.55 27.29
Dynamic Slope 3041 1758 1254 7.85  6.55 27.29
Measured Slope 7.87 6.01 481 344 299 7.54
Measured Slope/Dynamic Slope  26%  34%  38%  44%  46%  28%
Implied Price Elasticity 672 569 500 399 357 648
Dynamic minus Measured (DmM) 22.49 11.58 7.73 441 355 19.75
Shock to risk/DmM 98% 107% 111% 116% 118% 100%
Diff Hedging Brownian/DmM 2% ™% -11%  -16%  -18% 0%
Diff Hedging Reversal/DmM 0% 0% 0% 0% 0% 0%

Table E.3: Comparative statics with respect to risk aversion coefficient . The table shows com-
parative statics with respect to the investors’ risk aversion coefficient, for the micro elasticity calibra-

tion. The colored (with bold font) column contains our benchmark parameterization: D; = 0.0369,
0, =0.0692, k=03, a=1,v=3,r =0.03, p=0.08, S; = 0.0446, v; = 0, vy = 0.0107, A = 0.2 and
w = 4.25. The remaining columns show how our effects vary with the risk aversion coefficient, with
vy recalibrated such that the implied expected return shocks remain constant at AE;(R) = 0.01%.

E.2.1 Results and slope analysis

Tables [E-3HE.4] show the results of our baseline calibration and their sensitivity to various
parameters. As before, in each table the colored column contains our benchmark parameter-
ization, while the other columns show how our effects vary.

Table illustrates the effect of varying relative-risk-aversion of investors. Table [2| con-
centrates on the effect of the persistence of the demand shift. Table highlights the effect
of state dependence: how our measures change when investors’ wealth is below and above
the mean

The results are remarkably similar to our factor-elasticity results even in a quantitative
sense. Dynamic Slope is somewhat smaller than myopic slope. Measured slope is a fraction
of its theoretical counterpart (amounting only to 26% when risk-aversion is small). The bulk
of the effect is due to the endogenous change in the covariance matrix, but the GE amplified
intertemporal effect remains significant.

In this calibration, we also present how our effects depend on the state of the economy, i.e.
the level of aggregate wealth of investors, w; in Table[E.4l This illustrates that all our objects
of interest, myopic slope, dynamic slope and measured slope are highly state dependent.
Measured slope is only 44% of demand slope in our baseline calibration for the micro elasticity
calibration exercise. As the investor wealth increases from 4.25 to 4.75, this fraction also
increases reaching 57%. The corresponding implied price elasticity is monotonically increasing
in investor wealth, suggesting that a lower wealth share of the investor sector decreases the
implied price elasticity measured by econometricians. In practice, many investors are often
“sleepy” and do not engage in active trading. This reduces the effective investor wealth,
causing the implied price elasticity to be smaller.

It is also useful to observe that the hedging against the reversal effect is even smaller in

39In Tables and [2| for each column we recalibrate the parameters u® to ensure that the implied
expected return shocks remain constant at AE(R) = 0.01%.
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Investor Wealth (w) 1.00 250 350 425 4.75

Myopic Slope 321 512 6.68 7.85 855
Dynamic Slope 3.21 512 6.68 7.85 8.55
Measured Slope 1.49 208 2.66 3.44 4.90
Measured Slope/Dynamic Slope — 46%  41%  40%  44%  57%
Implied Price Elasticity 79 218 322 399 442
Dynamic minus Measured (DmM)  1.72  3.04 4.02 441  3.65
Shock to risk/DmM 109% 114% 115% 116% 118%
Diff Hedging Brownian/DmM 9% -14%  -15% -16% -18%
Diff Hedging Reversal/DmM 0% 0% 0% 0% 0%

Table E.4: Comparative statics with respect to investor wealth w. The table shows comparative
statics with respect to the investors’ aggregate wealth w, for the micro elasticity calibration. The
colored (with bold font) column contains our benchmark parameterization: D; = 0.0369, o; = 0.0692,
k=03 a=1v=3,r=0.03, p=0.08, 5; = 0.0446, v; = 0, vo = 0.0107, A = 0.2 and w = 4.25.
The remaining columns show how our effects vary with investor wealth, with vs recalibrated such that
the implied expected return shocks remain constant at AE;(R) = 0.01%.

the index inclusion exercise than in our factor-elasticity calibration. It is so, because this is
the only one which diminishes with the size of the shock.

Under the baseline parameters, the index-inclusion calibration yields an implied price
elasticity a la Koijen and Yogo (2019) of 399, which is substantially lower than the com-
monly cited value of around 6250 from [Petajisto| (2009). For comparison, the empirical micro
elasticity estimated by Greenwood and Sammon| (2024)) is approximately 2.7.

E.2.2 Translating Measured Slope to Elasticity

As explained earlier, the demand elasticity is defined as the percentage of capitalization
traded divided by the percentage change in price, that is

w.S,g-ﬁ wngn
1 7
S.Ps T S.P"
E(w A u®) = — 1P§_P;1 )
_ i 7
12

(E.107)

where we have suppressed the time index for simplicity. §;' and P;* are the investor’s portfolio
share and the equilibrium price of asset ¢ in the normal state. g and P; are portfolio share
and price in the stressed state. The investor has wealth w™ in the normal state and w?® in
the stressed state. Notice that can be rewritten as

| [w" diag(P")~1y"]; P — U7

- cPpsonYi T Y;

g(wt; A7u5) =— [w lag( ) Y ]z pr_njp_s i
yi Sz 7,1:).n 1

3

The middle term on the right-hand side is the fraction of asset i’s capitalization held by
investors. The last term on the right-hand side is of the same order of magnitude as the
measured slope. The equation thus suggests that the demand elasticity is inversely related
to investors’ portfolio share of asset .
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Para. Description Value Targeted Moments

Expected cash flow of assets 0.415 historical returns
o Cash flow volatility 0.57 historical return volatilities
« Hedgers’ absolute risk aversion 1 normalization
r Risk-free rate 0.03 historical average interest rate
p Investors’ time discount rate 0.08 investor holdings
S Asset supply 1 normalization
u” Hedgers’ endowment in normal state 0 normalization
u®  Hedgers’ endowment in stressed state ~ 0.01 fund flows |Gabaix and Koijen (2022)
A Intensity of state transitions 1 persistence |Gabaix and Koijen| (2022])

Table E.5: Parameters and Calibration Details for the Single Asset, Log Investors Case. The table
reports the parameter values used in the single asset, log investors calibration exercise.

The implied demand elasticity £(w¢; A, u®) depends on the shock persistence 1/A. For
our comparative statics, we fix the incremental expected return AE(R) = p%h, — ph +
Adiag(P?)~L(P — Pf) at the level implied in the baseline. Fixing AE:(R), the change in
asset prices diag(P?)~! (P — Pf) is higher when ) is low, that is when the shock is more
persistent. In other words, transitory shocks tend to have smaller price impact. Consequently,
when 1/\ is small, the denominator in is also small, magnifying the implied demand
elasticity. Notice that our measured slope M (wy; A, u*®) adjusts for this horizon effect due to
shock persistence.

E.3 Single Asset, Log Investors Calibration

In Section we examine a simple case with a single asset and log investors. The baseline
parameter values are shown in Table

For the single asset, log investors case, we calibrate to |Gabaix and Koijen| (2022), which
studies the macro elasticity. Corresponding to their framework, the single asset in our calibra-
tion can be interpreted as the stock market. D is the expected cash flow of the stock market,
and o is the cash flow volatility. We calibrate D and ¢ to match historical return moments.
Throughout this exercise, model-implied return moments are computed as averages under the
stationary distribution of investors’ wealth, while the slope measures and their decomposition
are evaluated at the mean of this distribution, w = 3.24. The calibrated average return is
8.8%, in line with its historical counterpart of 8.9%, while the average return volatility is
19.1%, above its historical counterpart of 16.4%; the gap reflects that log investors are not
sufficiently risk averse to match both moments simultaneously. With v = 3, the specification
used in Figure [2, the same cash-flow parameters imply an average return of 7.8% and an
average return volatility of 14.9%, with a stationary mean wealth of 5.03.

Moreover, as in our calibration of the factor-elasticity and micro-elasticity, we normalize
the hedgers’ absolute risk aversion a to one. We set r = 0.03, which roughly equals the
historical risk-free rate, and set p = 0.08 to be consistent with the factor-elasticity and
micro-elasticity calibrations. We further normalize the asset supply to one and u" (hedgers’
endowment in the normal state) to zero.

Finally, the endowment in the stressed state u® = 0.01 is chosen such that the implied
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fund flow is roughly 1%, as documented by |Gabaix and Koijen| (2022)). In Figure 1, we plot
the demand slope of a log investor, C'°8 and the corresponding measured slope M!°8|5_ AE((R)
against the implied change in percentage incremental expected return AE;(R) by varying the
u® shock. The intensity parameter A matches the inertia parameter in |Gabaix and Koijen
(2022)) who also consider a case of short-term vs. long-term elasticity when funds are inertial.
The half-life in their calibration is 0.7, which translates into A = 1 in our model. In Figure
we consider two limit cases with A — 0 and A — oo respectively.

The implied price elasticity of the single asset, log investors calibration is 2, compared to
the macro elasticity estimate of 0.2 in (Gabaix and Koijen, (2022).
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